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1. Introduction

Let 2 C R? be a bounded convex polygonal domain. We consider the Poisson equation with the Dirichlet boundary
condition

—Au=f in$2, u=0 onds. (1)

Given a function f in H~! (the dual space of H(} ), Eq. (1) has a unique H! solution u. It is well known that, due to
the non-smoothness of the domain, the solution u may be singular even if the data function f is smooth. This lack of
regularity can severely decrease the efficacy of the numerical approximation, and has been one of the major concerns in
the computational community. Using continuous piecewise polynomials, the finite element solution to (1) is defined by a
variational formulation and has a well-developed optimal convergence theory in the naturally-induced H! (energy) norm for
smooth solutions [ 1,2]. In the presence of singular solutions, mesh grading techniques are widely used, such that the optimal
H' energy-norm convergence rate can be recovered in the finite element method (see [3-9] and references therein). Beyond
the energy norm, it is of both theoretical and practical importance [ 10-13] to investigate finite element approximations of
singular solutions in the W, norm.

The Wp1 analysis has a long history and early results can be traced back to 1970’s [ 14-20]. In contrast to the case in the
H' norm, the numerical solution does not inherit the stability in the Banach space Wpl (p # 2) from the variational for-

mulation. Thus, extensive effort has been made on the stability analysis for the finite element solution in the Wp] norm. The
analysis in these non-energy norms in general is technical, challenging, and requires additional geometric constraints on the
mesh. In particular, the W; stability on quasi-uniform meshes can be found in [17]. These estimates in turn imply that the
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finite element approximation achieves the optimal convergence rate in W! when the solution is sufficiently smooth. Allow-
ing mesh grading, error estimates in other non-energy norms are available in the literature. For example, see [21,22,18,19]
for L*° estimates on graded meshes for different elliptic problems. Recently, the W171 stability of the finite element solution
to Eq. (1) has been established on a class of graded meshes for possible singular solutions [11,13]. In spite of these develop-
ments, some critical questions remain open, including: [I] the regularity requirement on the data function f (f is assumed to
be “sufficiently smooth” in the existing stability analysis in order for the solution to have the desired regularity. More sophis-
ticated regularity analysis is needed for broader applications); [II] the specific construction of graded meshes for obtaining
optimal numerical approximations in Wp‘ norms.

This paper is aiming at addressing these issues. Namely, we shall present regularity requirements on the given data f and
specific parameter-selection criteria for graded meshes, such that the resulting numerical approximation to Eq. (1) achieves
the optimal convergence rate in Wp] norms for 1 < p < oo, even when the solution is singular. The novelty of our approach

lies in rigorous analysis in a family of weighted spaces: the weighted Sobolev space Kﬁm‘p (Definition 2.1) and the weighted

Holder space ﬂ;"’ (Definition 2.3). Using these spaces, we are able to describe the full-regularity dependence of the solution
on the data f (Propositions 2.6 and 2.7). Then, the finite element error estimation is built upon these weighted regularity
results and upon the intrinsic scaling property in the weighted space JCZ”J

To be more precise, we give a simple and explicit construction for a sequence of graded meshes 77,. This construction is
based on successive refinements of triangles according to a set of grading parameters. Denote by S,, C H(} the finite element
space associated with the mesh 7. Let u, € S, be the finite element solution. Then, we give smoothness requirements on f
and the range of grading parameters (Theorem 4.6), such that the following error estimate holds on 7;,:

—k/2

||ll - un”wpl(g) = Cdlm(sn) p € (]7 OO]» (2)

where dim(S,) and k > 1 are the dimension and the degree of the finite element space S,, respectively, and C > 0 is
independent of the mesh level. Namely, we are able to recover the approximation rate that is expected for smooth solutions.
Note that we restrict our analysis on convex domains, because the stability of the Ritz projection [11,13] is available only
on such domains for the time being. However, it is possible to extend our approach to non-convex domains under the
condition that the corresponding stability result holds. Nevertheless, since u € W;" does not always hold for any m and p
even on convex domains (Proposition 2.4), mesh grading is necessary to improve the finite element approximation to such
singular solutions.

The rest of the paper is organized as follows. In Section 2, we introduce the weighted spaces X E’ ? and }6}’; *?In addition,
we give full-regularity estimates for the solution of Eq. (1) in these spaces. In Section 3, we first define the graded meshes
and the associated finite element methods. Then, we obtain a stability result that we shall need in the error analysis. In
Section 4, with a detailed interpolation error estimate in the weighted space, we obtain our main result (Theorem 4.6) on
the optimal finite element methods in the Wp1 norm. In Section 5, we implement the proposed finite element algorithm for
a model problem on various polygonal domains. We report the convergence rates of the linear finite element solution in
the Wp1 norm for different values of p. These numerical results verify the theoretical prediction and validate our parameter-
selection criteria for graded meshes. In Section 6, we conclude the paper with some remarks.

Throughout the paper, by A >~ B, we mean that there are constants C; > 0 and C, > 0, such that C;A < B < GA. The
generic constant C > 0 in our analysis below may be different at different occurrences. It will depend on the computational
domain, but not on the functions involved in the estimates or the mesh level in the finite element algorithms.

2. Weighted spaces and regularity

In this section, we introduce function spaces for the analysis of Eq. (1); and establish regularity results for the solution in
suitable weighted spaces.

2.1. Function spaces

For any w C §2, we use the standard notation WIT (w) for the Sobolev space. Namely, for m > 0, the semi-norms and
norms are

1/p 1/p
lVlwm ) = ( |301U|de> ) vllwnw) = (Z| Wi )) , forl<p<oo;
|la|=m

jsm

lvlwm @) = max (esssup{ld“v(®|, x € w}),  Ivllwnw = rjgérlnx(lvlwgo(w)),

|
where o = (o, o) € Z2 <o is the multi-index and |«| := a7 + «,. In addition, given o € (0, 1), recall that the Holder space
C™° (w) has the following norm

0%v(x) — 9%
IVllene ) = sup Y [3%v]+ Y sup 10000 = S0l

|a|<m la|= m%YEw |x—y|‘7
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The regularity of the solution to Eq. (1) depends on the given function f and on the geometry of the domain £2. On
a polygonal domain, the solution may not possess high-order derivatives in the Sobolev spaces, even when f is smooth.
We now introduce a class of weighted Sobolev spaces that shall give rise to sharp regularity descriptions for the singular
solutions.

Recall the polygonal domain £2. Let v;, 1 < i < [, be the ith vertex of 2 and 'V := {v;}i—1...; be the vertex set. Denote by

,,,,,

1i(x) be the distance function from x € £2 to v;. Let jt := (i1, U2, . .., i) be an I-dimensional vector. For a constant ¢, we
denote ¢ & i := (¢ & f1, ¢ & [, . .., € & ;). Then, we define the function
px) =[] rit,
1<i<l

and its vector exponents

P = [T @™ = p¢ T neo™.

1<i<l 1<i<l

Thus, we define the following weighted Sobolev space.

Definition 2.1 (Weighted Sobolev Spaces). For w C £2, the weighted Sobolev space is
K@) = {v, 3%y € [P(w) forall o] <m}, 1<p < oo,

with the semi-norms and norms

1/p 1/p
— m—jiqa, P 2 — p .
[Vl emp = (Z o™ "a vaw)) o, = (Z |v|xﬂa.p(w)> . for1<p < oo
o

Joe|=m || <m
— m—pi qa —
[v]5eme0 ) = ‘I‘;[‘li)r(n(ess sup{|p" 3% v(x)|, x € w}), ol q) = mg)é(|u|x‘;m(w)).

Remark 2.2. These weighted spaces are the by-products of the Mellin transform [23,24]. A special case of the space, X P; .
is frequently used in the regularity analysis for elliptic equations with corner singularities. See [25-28,7] and references
therein. We shall use the generalized version X }f’p (1 < p < o0) to handle the singular solution for analysis in the Wp]

space. Note that the space X ;L" P has the following notable local property. Let w; C £2 be a region within the neighborhood
of the vertex v;, which does not include other vertices. Then,

1/p
~ m=p p ~ m—p;
VLo (Z Ir} la“vnmw,.)) Cl<p<oo [lgmey = D0 I - (3)

ler|=m Joe]=m
However, on a region @ C £2 away from the vertex set V, the weight function p is bounded both above and below from
zero. Therefore, the weighted space X g”’ and the Sobolev space W, are equivalent. Namely, for 1 < p < oo,

ol e = 10w o- (4)

These local properties make it possible in ,K;:‘p to capture the singular behavior of the solution due to the non-smoothness
of the domain.

In addition to the space X };" P, we shall need the following weighted Hélder space [23] to obtain the regularity estimate

for the case p = oo.

Definition 2.3 (Weighted Holder Spaces). Let o € (0, 1). Then, for w C $2, the weighted Hoélder space is

Hi (@) =y, sup Y plTT %] 4+ Y 7 sup [x—y| 7 p" M) — p" M u(y)| < oo,
‘ X€w 4= Jaf=m X V<@

with the norm

i "R (x) — pm v ()|
mo — la|—o—p ) qa |IO
Il ) = sup > p 00|+ > sup .

— o
€ laj=m loc/=m XY €@ X =yl
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2.2. Regularity estimates

Let H(} (2) cH'(R) = W2l (£2) be the subspace consisting of functions with zero trace on d£2. The variational solution
u € Hy(£2) ofEq.(1)is

a(u, v) :f Vu - Vudx = / fvdx = (f,v), YveHy(). (5)
2 2

By the Poincaré inequality, for any f € H~1(£2), the solution u € H(} (£2) is well defined. However, on polygonal domains, it
is known that the solution is not always smoother than f in the Sobolev spaces (Section 2.7 in [29]):

Proposition 2.4. Let x be the largest interior angle of $2. The Laplace operator
—A:WP(2) NHy(2) - W)(2), m=>0,
defines an isomorphism, provided that the parameter p satisfies 1 < p < nm, where
Nm = 00 form/x >m+42;

Nm form/x <m+2.

:m+2—n/x

Remark 2.5. The lack of regularity in W;" for large values of m and p is due to the fact that near a vertex v; € 'V of the
domain, the solution has the following expansion

U=us+ug = ch,[wrs In' r + ug,
st

where ug € W!',“”(.Q) is the smoother component, ¥ is a smooth function, and r is the distance to v;. The constants ¢;; € R
and s, t € Ry U {0} depend on the local geometry of the vertex. Therefore, the singular component us = ZS![ Cser®Intr
may not be in W;““(Q), regardless of the smoothness of right hand side f.

By contrast, we have the following full-regularity estimates in weighted spaces for solutions with such corner
singularities.

Proposition 2.6. Let x;, 1 < i < |, be the interior angle associated with the ith vertex v; € V and @ = (ay, ay, . . ., a;). For
1 < p < oo, definen; :== m/xi — 1+ 2/p. Then, forany 0 < a; < n;, if f € JCE’%(.Q) N X:E($2), m > 0, the variational
solution of Eq. (1) satisfies

lull ni20 ) < ClFlycmo -
a+1 a-1

where 1 = (1,1, ..., 1) is an I-dimensional constant vector.

Proof. Based on Lemma 3.5 in [7], H(} (£2) and JC}’Z(.Q) N {v|se = 0} are the same space. Thus, for f € J{E‘f(.@), by the

regularity estimate in weighted spaces (Theorem 3.3 in [7]), we first have u € JC]Z‘Z(.Q).

Then, using a partition of unity, we can apply the localization argument for the solution in each neighborhood w; of the
vertex v; and in an interior subdomain w away from the vertices. Near a vertex v;, the eigenvalues of the operator pencil
associated with the Laplace operator in Eq. (1) are £kx /x;, k € Z, [5,30]. Note that the space V/g"’p in [30] is the same

as X;? whenm — 8 = p;. Therefore, in the neighborhood ; of the vertex v;, by Corollary 1.2.7 in [30] and the norm
equivalence (3), we have

||u”]<f""12‘p(w,-) < CUF Nl g (i
a+1 a-1

aslongas |a; + 1 — 2/p| < 7/ ;. In the interior subdomain w, we can use Theorem 9.19 in [31] and the norm equivalence
(4) to obtain

Il iz = Ntz < CUF grr = I Lcna oy

Hence, combining all the local estimates, we have for 1 < p < oo,

ul <clfl for — 7 142 T gyl

ull . m+2.p < m.p s or — — — - < — — —.

Hai D K3 @) Xi P X

Since £2 is convex, x; < m, and therefore —% —1+ % < 0. Thus, the estimate above holds for 0 < a; < n;, which completes
1

the proof. O
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C C C
F
L,
E Lo Lo
A B A D B A B
Fig. 1. Graded triangulations and mesh layers (left-right): an initial triangle withA € 'V andB, C ¢ V; one graded refinementtoA, ks = m—g“ = % = '\%ﬂi

three mesh layers resulted by two consecutive graded refinements toward A.

In order to obtain the regularity estimate for p = oo, we use the weighted Hélder space in Definition 2.3. The following
result can be found in Section 8.7.1 of [23], in which the space Ng"“ is the same as J(’g"” for uj = m— B;.

Proposition 2.7. Let x;, 1 < i < |, be the interior angle associated with the ith vertex v; and @ = (a;, az, ..., a). Let
M = miny<i<(w/x; — 1). Note that M > 0 on the convex polygonal domain. For any ¢ € (0, min(1, M)), define
ni:=n/xi—1—o.Then, for0 <a; < n; if f € Jt’a'"_“;(!z), m > 0, the variational solution of Eq. (1) satisfies

”u||Jdﬁf?’U(S2) fE C‘”f"JfT'f(S?)
a+1 a-1

Note that by Definitions 2.1 and 2.3, for any v € J(‘}f‘“ (£2), we have
”U”,](g*oo(g) = C”v”g(g’-"(gy (6)

Therefore, by (6) and Proposition 2.7, we obtain the following estimate in Jcﬁm’oo(Q).

Corollary 2.8. Recall the parameters x;, o, n;, and a; from Proposition 2.7. Then, for f € Jfgn_%’ (£2), m > 0, the variational
solution of Eq. (1) satisfies

||u||xint2.oo(9) = Clf llyema ()
a+1 a-1

Remark 2.9. The regularity estimates in Proposition 2.6 and Corollary 2.8 imply high-order smoothness of the solution u in
weighted Sobolev spaces JCE”J (£2), provided that the given function f is reasonably smooth. For example, for0 < q; < 1,

one can see W,"(£2) C JCamf;(.Q) for1 < p < oo;andfor0 < a; < 1 — o, we have C™°(2) C Jf;:%’ (2).

3. Finite element methods

In this section, we describe the construction of a class of graded meshes and the associated finite element methods. In
addition, we discuss the geometric properties of the mesh and the stability properties of the numerical algorithm, both of
which are critical for our further analysis.

Definition 3.1 (Graded Meshes). Let 7 be a triangulation of £2 whose vertices include 'V, such that no triangle in 7 has more
than one of its vertices in V. Define the vector k = (k1, k2, . . ., k1), for k; € (0, 1/2]. Then, a K refinement of 7, denoted by
¥(7), is obtained by dividing each edge AB of 7 in two parts as follows:

o If neither A nor Bis in V, then we divide AB into two equal parts.
e Otherwise, if A = v; € V, we divide AB into AD and DB such that |AD| = «;|AB|.

This will divide each triangle of 7 into four triangles (Fig. 1). Given an initial triangulation 7y, the associated family of graded
triangulations {7; : j > 0} is defined recursively, 7j+1 = kK (7}).

Let S, C H(} (£2), n > 0, be the Lagrange finite element space of degree k > 1 associated with the graded triangulation
Tn. Namely,

S, = {v e C(2), v|r € , forany triangle T € 7},
where £ is the space of polynomials of degree < k. Then, the finite element solution u,, € S, for Eq. (1) satisfies
a(up, vp) = (f, vp), Vv €5y, (7)

where a(-, -) is the bilinear form defined in (5).
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Remark 3.2. Note that successive graded refinements (Definition 3.1) for a triangle T € 7y generate child triangles within
at most four similarity classes. Therefore, the triangles in 7}, is within at most 4N, similarity classes, where Ny is the number
of initial triangles in 7. Thus, 7, consists of shape-regular triangles.

Remark 3.3. In the construction of graded meshes (Definition 3.1), the value of ; controls the mesh density near the vertex
vi. When x; = 1/2, the successive refinements lead to a quasi-uniform mesh in the neighborhood of v; (Fig. 2). In the
presence of singular solutions, this graded mesh, when an appropriate grading parameter « is chosen, has been successful
in recovering the optimal rate of convergence of the finite element solution in the energy norm [5,7]. The novelty of our
results is the development of explicit graded meshes, on which the optimal convergence rate can be achieved for the finite
element solution in the W, norm.

We now derive the following stability result for the finite element solution on these graded meshes.

Theorem 3.4. Recall the graded mesh 7, from Definition 3.1 and the finite element solution u, from (7). Let f be given as
in Proposition 2.6 for 1 < p < oo and be given as in Proposition 2.7 for p = oo. Then, for n sufficiently large and m > 0,
we have

Il o) < Cllully gy < Cflcnaggy 1 <p <00 8)
and

lnllwg, o < Clulhg, ) < CIFlseme oy 9)
where C is independent of the mesh level n.

Proof. Under the assumption that the solution u € Wp1 (£2) with 1 < p < oo, the stability of the Ritz projection on graded
meshes is proved (see [11] and Theorem 5.5 in [ 13]) for n sufficiently large

||un||wp1(g) < C”u”WI}(_Q)'

Therefore, we only need to show the second inequality in (8) and (9). Namely, u € Wpl (£2) provided that the function f is as
described.

Recall that in both Propositions 2.6 and 2.7, a¢; > 0 and m > 0. Then, for 1 < p < o0, by the definition of the weighted
space and Proposition 2.6, we have

Il iy < Cllull,ern g < CFllyems g
a+1 a—1
For p = o0, by the definition of the weighted space and Corollary 2.8, we have
lullwy, @) = Cllull 100 ) < Cllf llgeme (g)-
a+1 a—1
Hence, the proof is completed. O

Corollary 3.5. For 1 < p < oo and n sufficiently large, let f be given as in Theorem 3.4. Then, we have

”u_un”Wl}(Q) = Cvlgl; ”u_U”WI}(_Q)- (10)

Proof. By Theorem 3.4, for the given f, u € WI}(Q) for 1 < p < oo. Therefore, for any v € S, we have
flu — un”wI}(Q) <llu— UHWI}(Q) +[lv — un”wl}(g) <Cllu-— UHWI}('Q)'

This completes the proof. O

Remark 3.6. Corollary 3.5 generalizes the Céa Theorem in the H! error analysis. Namely, the finite element solution is
comparable to the best approximation in the Wpl norm on the graded mesh. Based on Theorem 3.4, the constant C in (10)
is independent of the mesh level n and depends on the grading parameter . We, however, note that C is bounded for a
sequence of graded meshes 75, j < n, once & is fixed. These results allow us to focus on interpolation error estimates in these
non-energy norms, and in turn to improve the accuracy of the numerical solution on graded meshes (see Section 4).

A close examination of the graded mesh leads to the following definition of mesh layers that are associated with graded
refinements toward the vertices.
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V4

U1 U3

N

V2 V2 V2

>3

Fig. 2. Three consecutive graded refinements of a polygonal domain with ¥ = (0.2, 0.5, 0.5, 0.5) (left-right): 7g, the initial triangulation; 77, the mesh
after one refinement; 75, the mesh after two refinements.

Definition 3.7 (Mesh Layers). Recall from Definition 3.1 that the triangulation 7;, 0 < j < n, is obtained after j successive
graded refinements of 7 with parameter k. Let T;; C 75, 1 < i < [, be the union of (closed) triangles in Jj having v; € V
as a vertex. Namely, T;; is the immediate neighborhood of v; in 7;. Define the regions near v;, resulting from the graded
refinement

L,"j = T,‘J \ Ti,jJr], for 0 f] <n, and L,"n = Ti,n~
Then, we denote the jth layer L;, 0 < j < n, of the mesh 7; by
Lj = UlgiﬁlLi,j-

See Fig. 1 for an illustration of mesh layers.

Remark 3.8. Let £2 := £ \ U; T; 0. It is apparent that £2 = §2o U (Up<j<s L;). Based on Definition 3.1, on 75, the diameter of
the triangles in £2; is

ho~ 2 (11)

the mesh size in each layer L; j is

hjyj ~ K{Zj‘”; (]2)
and the dimension of the finite element space, determined by the number of triangles in 73, is
dim(S,) >~ 4". (13)

In addition, since L; ; is in the neighborhood of v;, by Definitions 2.1 and 3.1, the weight function p and the distance function
1; satisfy

Pl = rily; =, for0<j<mn; and pl,, =nly, < Ck'. (14)

4. Error analysis and optimal meshes

In this section, we first investigate the interpolation error in the Wp] norm on graded meshes. Then, we summarize the
main results in Theorem 4.6, where we provide the regularity requirement for the function f and the selection criteria for
the grading parameter &, such that the associated finite element method approximates the solution u of Eq. (1) with the
optimal rate in the W, norm.

Recall that k > 1is the degree of the Lagrange finite element space S,, associated with the triangulation 75, (Definition 3.1)
with a grading parameter . In view of (10), we shall obtain the finite element approximation error by analyzing the
interpolation error.

Let f be a function, such that f € JCE% )N ch:;’”(ﬂ) ifl<p<ooandf € Jfé‘:;” (£2) if p = o0. Thus, for the values

of d and o given in Propositions 2.6 and 2.7, the solution of Eq. (1) satisfies

k+1,
ue JCEI%”(.Q), 1<p<oo. (15)

Thus, by the equivalence of norms (4) and the Sobolev embedding Theorem, u is continuous in any interior region of the
domain £2 that is away from the vertex V. Note that by the definitions of the weighted spaces, J(é‘:;o (£2) C JCg’iz(.Q).

Therefore, in both cases (1 < p < cocandp = o0),f € JCE‘%(.Q). This implies u € JCTZ’Z(.Q) (Proposition 2.6). It was shown
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(Lemma 4.7 in [32]) that the discontinuities of u € JCTZ’Z(Q) at vV are removable and u — 0 when approaching the vertices.

Hence, u can be regarded as a continuous function on £2 and u(v;) = 0 for any v; € V.
Now, we recall a general approximation result [1,2].

Lemma 4.1. For a polygonal domain G C R?, let T be a quasi-uniform triangulation of G with mesh size h. Let S be the Lagrange
finite element space of degree k > 1 associated with 7. For any v € WA‘“(G), 1 < p < oo, let vy € S beits nodal interpolation.
Then,

I
lv— vI”Wpl(G) = Ch(|v|WI’f+](G)
where C > 0 is independent of h and v.

Inview of (15) and the above arguments on its continuity, let u; € S, be the nodal interpolation of u. Recall the mesh layers
L; j from Definition 3.7. Then, we estimate the interpolation error in three regions foru e J{gg‘p([)): (I) 20 =2\ Ui Lij;
(IN) Lj j for 0 < j < n; and (IlI) L; ,. In particular, on £2, we have the following.

Lemma 4.2. Let 7, be the mesh given in Definition 3.1. On §2q, recall the mesh size h >~ 27" from (11). Then,

k
”u - ul”WI}(QO) <Ch ”u”‘xé{_t‘:‘p(ﬂo)’ 1<p=<oo,

where C > 0is independent of h and u.

k+1,
J{Jr,P

Proof. Since £2, is away from the vertex set 'V, by (4), i

Lemma 4.1, we have

and Wlf“ are equivalent on £2,. Then, using the estimates in
k k

llu = urllwg gq = A llullyi g, = Ch ”””xﬂ{"(:zo)'

This completes the proof. O

To carry out the error analysis on L; j, we need the following result regarding the dilation property in the weighted space.
Recall the grading parameter 0 < «; < 1/2 for the layer L; j. We consider a new coordinate system that is a simple translation
of the old xy-coordinate system with the vertex v; now at the origin of the new coordinate system. For 0 < j < n, we define
the region with dilation

L= Lig; (16)
and the dilation of a function v on L; ; in the new coordinate system
V' (x,y) = v(kx, ky), V(x.y) €L (17)

This definition makes sense, since v; is the origin in the new coordinate system. Then, we have the following lemma.

Lemma 4.3. Recall the distance function r; to the vertex v;. Then, for m > 0, if v € ch"p (Lij), 1 < p < oo, we have

o] —pei j(2—pui) o=t .
Z ”r,-a ﬂxaav”ip(l‘i‘j) — K_ll DI Z ”riot anav/”ipa;j), (18)

lee|<m loe]<m

ifve JCE‘OO(L,-J), we have

Jor] =i —jii lo|—pei
Do I e = a7 Y IV e (19)

lee|<m lee|<m
where0 <j <n.

Proof. Since L;; is in the neighborhood of the vertex v;, the norm of the space JCS”’ (L; ;) has an equivalent expression shown
in (3). Thus, forv € JCE‘"’(L,»,]—), 1 < p < o0, the left-hand-side terms in (18) and (19) are valid (finite).

) i
rix,y) = /ci_’r,-(w, z). Therefore, for 1 < p < oo, we have

For (x,y) € L, letw = K{x and z = Kfy. Then, by (16), (w, z) € L;;. Thus, for the distance function r;, we have

Z ||ri|a|7“i3av/||fp(ij) - Z/ 170 (x, )31 9920 (x, ) [Pdxdy
L. lal<m YL

la]=m J

Z [ b el oy dedgargeny (. 2y PicBdwdz

w
L

la|<m Y i
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SED B R e
L

la]=m

J(P 2) Jo|—
— i— Z ”rot Mlaav”l}’(l_j)

lo]<m

This proves (18). For (19), we similarly have

o=t Joe|—pei
Do T ey = D T 3182 (e ey

le|<m lee|<m
il o - .
— Z ”Klj Hi—lo| r'_\al “’(w,z)/c{‘“‘8$1332v(w,Z)IILoo(Li,ﬂ
loe|<m
— K{Mi Z ||ri|0t|*Miaav||Loo(Li'j),
loe|<m

which completes the proof. O

Then, we give the error estimates on the mesh layers L;j for 0 <j < n.

Lemma 4.4. Let T, be the mesh given in Definition 3.1. Then, for 0 <j < n, 1 < p < oo, and a; > 0, we have

Jai yk(j—n)
I = gy = O 2l e

where C > 0 is independent of j and u.
Proof. By the definition of the weighted space (Definition 2.1), we first have

= ) = Clle =l

Note that by the dilation (16), the weight function p >~ r; >~ 1 on L/ Therefore, the JC ™P norm and the W;“ norm are
equivalent on L/J Recall the mesh size h; ; >~ «; i2i=1 on L;jfrom (12). Then by the estimates in (3), (18), Lemma 4.1, and (14),
for 1 < p < oo, we have

< Cllu—w|”

=l <

la|=1qa
ey =€ oI @ = w) g,

=<1

j2— -1 2—
G Y I — ) ) < G - I

la|<1

Cie ) (hy e yPe | |1

Wl(L’ )

IA

j(2—p) —Jj\pk
e, = O g

—j\pk p —j\pk loe|—1 p
Clhijie; P Null” oy < Clhiji )P E I “ullp,
) S i

pia; —j\pk la|—1—a; pjai —i\pk p
Coe (higae Py I T U, < Coe (g )Pl
Jer| <k+1

k+l,p(L{ )
L]

IA

IA

k+1~p .
il (@i j)

IA

Cx Pjanzpk(] n)”u”P I<+1p
XK. (Lx])

For p = o0, by the estimates in (3), (19), Lemma 4.1, (14), and (12), we have

loe|—1
=ty ) = €l =Wl < € D0 IR0 = up liayy)

lee|<1

—Jj Jer]—1
= Ce Y e - 1)y ) < €k Tl — 1y @)

la|=<1

—j —jh - N
< Ck;(hijK; ])‘||u/||W£C+1(L, < Ck; ](h,jK e k+loo(L/ )
i,j

—j\k K 1
< C(hiji;”) e,y < Clhiji Ik Z Il 9°ull o)
1 o] <k+1
jai —J\k || —1—a; ja; —Jvk
< Cx; "(hiji; ) E lIr; 0%l < Cil" (hijie; ™) Ilullxgiinoc
a

(Lij)
|a|<k+1

< CK{aiZk(’L") ||U||‘Kk+<1,oc(l_‘ )
il
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Thus, the proof is completed. O

Now, we are ready to analyze the interpolation error on the last layer L; ;..

Lemma 4.5. Let 7, be the mesh given in Definition 3.1. Then, for 1 < p < oo and a; > 0, we have

”u - u'”W (Lx n) — = CK ||u||=7d<+~1’p(l-i.n)’
a+1
where C > 0 is independent of n and u.

Proof. Letu'(x,y) = u(k'x, «['y) be the dilation (17) of u with v; as the origin. Then, v’ € JC"H p(L ») by Lemma 4.3, where
L; , is given in (16). Note that the diameter diam(L; ,) >~ 1.Let¢ : L; , — [0, 1] bea smooth cut off function that is equal to
0 in a neighborhood of v;, but is equal to 1 at all the other nodal points in L} ,,. We introduce the auxiliary function v = ¢u’
on L;,n- Consequently, we have form > 0and 1 < p < oo,

”U”,Kg"‘p(Ll{.n) = ”¢u/”'K%ﬂ<p(l‘1{,n) =< C”u/”,;(%”‘p(h{)n), (20)

where C depends on m and the choice of the nodal points. Moreover, since u(v;) = 0, by the definition of v, the interpolation
v =u; = (u) onlk,.
Note that the J< P norm and the W, norm are equivalent for v on L; ,, since v = 0 in the neighborhood of the vertex v;.
Then, by the usual dllatlon argument in Sobolev spaces, (20), Lemma 4.1, (3), Lemma 4.3, and (14), for 1 < p < oo, we have
2
L T

n(2—p)
llu — i ' —v+v—ulf

Wa i) — WL ) 505
= 6 = vl + 10 = i)
< G = vl ) 1 = vl )
- CKin(z_p)(“u/”xi]'p(L{‘n) + ”v“Jle—].p(L;m))p < CK,-"(Z—p)||U,||§{%<+1,p(4.n)
< Clul? ce

k+1 k+1, .
Plin) ~ Kari! L)
For p = oo, by the usual dilation argument in Sobolev spaces, (20), Lemma 4.1, (3), Lemma 4.3, and (14), we similarly have

—ny(,./ ’ e A L
lu — u’”Wgc(’-i,n) lu" — uIHWolo(L,{,n) =K u—v+v u]”wgo(LI{'n)

IA

—n / /
u—v v—u
(” ”Wolo(Lz{,n) + IHWf}O(Lz{,n))

—n(y,,
Ck; (”u - UHK%»OO(LI{.H) +llv— UI”wolQ(L;’n))

IA

IA

CKi_n(”u/“Ki]_oo(L{ + ||v||‘7<’i(+1"oo(’~x{,n)) < CKi_n||u,||‘7d1<+l"oo(’~§,n)

IA

Lin) —

C||u||K1<+1,:>o < CK ”u”Kfﬂ'“(L,-n)‘
1 a+1 ’

Thus, the proof is completed. O

Based on these estimates, we are able to give the range of the grading parameter &, for which we obtain the optimal
convergence rate for the finite element solution u,, approximating Eq. (1) in the Wp] norm.

Theorem 4.6. Recall the parameters o, a;, and n; from Proposition 2 6 for 1 < p < o0 and from Proposition 2.7 for p = oo,
where 1 < i < L Suppose for some 0 < a; < n;, the function f € X2 ((2) N JC ’p(.Q)forl <p<ooorfe J(’k l"(KZ)for
p = oo. For the finite element space S, of degree k > 1, choose x; = min(2~ "/"', 1/2) in Definition 3.1. Then, for n sufficiently
large, the finite element solution u, € S, of Eq. (1) satisfies

= unllwg o) = C dim(Sy) 2 (If || 1 <p<oo (21)

i@y

lu = unllyy (@) < Cdim(Sy)™ k/zllfll k1.0 (22)

(£2)’

where C is independent of nand f.
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Proof. We first show the case for the interpolate error with 1 < p < oo. Summing up the estimates in Lemmas 4.2, 4.4, and
4.5 for different sub-regions of the domain 2, and using the fact that x; < 27%/4%, we have

—u C<2 Pk iy, 1P pjafzplcg—n) ullP )
=l o) < Il s1m g+ D i1,

1<i<l,0<j<n
k p —pk p k p
< (2 M gringy + Do 2 ) S €2
T ($20) JC L) @’
1<i<l,0<j<n a+1 k
Now, for p = 00, a similar estimate gives
”u - uI”WgO(_Q) = 151‘2]1,%)5(]‘511(”“ - uI”WgO(_QO)v ”u - ul”WgO(L,-.j))
nk ja,' k(Gi—n)
<C max (27™ul b 1oe gy 20 ] gertoog, )

1<i<l,0<j<n

A

nk kn —nk
<
C 15;‘21[,%)5'5"(2 ”u“ k+1 oc(g ) 2- ||u|| k+1 DO(L )) Cc2 ||u||7(§++—iloo

)"
Recall dim(S,) >~ 4". Therefore, by (10) in Corollary 3.5 and Proposition 2.6, for 1 < p < oo, we have

—nk ; —k/2
lu = unllyi @) < Cllu — wllyy ) = C27" IIuIIKakE.p(Q) < Cdim(S,) ¥ IIfIIKak:il.p(m,

which proves (21). For p = oo, by (10) and Corollary 2.8, we show (22) by

k/2
It — tnlly1 @) < Cllu—wlly1 g < C27™Jlull 10 ) = Cdim(S)” Uf) e togy O

Remark 4.7. Theorem 4.6 gives the range for the grading parameter ¥ and the explicit conditions on the right hand
side function f, such that the optimal convergence rate can be obtained for the finite element solution in the Wpl norm

(1 < p < 00) on convex polygonal domains. The ingredients for the Wp1 estimates in Theorem 4.6 are the stability result in
Theorem 3.4 and the interpolation error estimate developed in this section. Note that the interpolation error estimates are
independent of the convexity of the domain. Therefore, we expect to derive the analogue of Theorem 4.6 for non-convex
domains once the stability of the Ritz projection (Theorem 3.4) is available for non-convex domains. This is for the time
being still an open problem.

Remark 4.8. Define the sign function of a real number t

-1 ift <0,
sign(t) = 10 ift =0,
1 ift > 0.

Then, using the duality argument, the following L? error estimates can be derived on the graded meshes (see [13,17])
p . .
lu — unllfp o) < C(z:relsf,, lu—z IIWI;(Q))(Z;QSfH lw— ZZIIWJ(Q)), (23)

where 1 < p < 00,q =p/(p —1),and w € W, (2) N {w|s = 0} is the solution to
—Aw = sign(u — up)|u — u,P~! in £2.

However, numerical experiments have shown that the actual convergence rate in [? may be better than that given in (23).
A thorough theoretical investigation is thus needed to address this issue and to obtain a sharp L? error analysis on graded
meshes.

5. Numerical illustrations

In this section, we report numerical results that confirm our theoretical results in Theorem 4.6. The model problem we
shall solve is as follows:

—Au=f inf2, u=0 onds, (24)

where we choose f = 1 and 2 is a convex polygonal domain. In the numerical tests, we use the linear Lagrange finite
element methods associated with the proposed graded meshes.

For the domain £2 in Eq. (24), denote by x; the interior angle of the domain at the vertex v;. Let w; C 2 be the
neighborhood of v; such that @; does not include other vertices. Then, by the regularity estimates in [29], the solution
uly, € H'7/X%i=¢(gy;) for € > 0 arbitrarily small. Therefore, when x; < 90°, by the Sobolev embedding Theorem, the
solution is in sz in the neighborhood w; for any 1 < p < oo. Thus, quasi-uniform meshes near these vertices will lead
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Fig.3. The triangular domain with angles 50°, 60°, and 70°: the graded mesh after three refinements with ¥ = (0.4, 0.5, 0.5) (left); the numerical solution
(right).

U1

AYAYAY.
U3 V4
S
v2
Fig. 4. The quadrilateral domain with angles 110° (v;), 110° (vy), 70° (v3), and 70° (v4): the graded mesh after three refinements with ¥ =

(0.3,0.3,0.5, 0.5) (left); the numerical solution (right).

to the first order convergence for the linear approximation. Since the solution is smooth in the interior of the domain, we
need to focus on the vertices with angles >90°, where special mesh grading may be needed. For these vertices, the optimal
graded meshes are determined as follows.

CaseI(1 < p < oo).Since f = 1and x; > 90°, near v;, u may not belong to W2, butu € Jcazf{ forany0 < aq; < n; =
7 /xi — 14 2/p (Proposition 2.6). Based on Theorem 4.6, we can choose the grading parameter for the vertex v;

ki =min(2~ Y% 1/2) forany0 <a; <ni=n/xi—1+2/p (25)
in order to obtain the optimal convergence rate in the Wp1 norm for the linear finite element solution.

Case Il (p = 00). By Proposition 2.7 and Corollary 2.8, near the vertex v;, the solution belongs to K;S’ forany 0 < q; < n;,

where the parameter n; = 7 /x; — 1 — 0. Taking ¢ — 0 and by Theorem 4.6, we can choose the grading parameter for the
vertex v;

ki =min(2~ V% 1/2) forany0 <a; < =m/x — 1 (26)

in order to obtain the optimal convergence rate in the W;O norm for the linear finite element solution.
Throughout this section, the convergence rate is computed by taking the ratio of the difference of two consecutive levels.
Namely,

Wp1 convergence rate at level j := log, ( (27)

luj — uj—q ||wpl(9)
llujr1 — uj”wpl(g)

Since the solution u in the model problem is unknown, by Theorem 4.6, the rate in (27) is a good estimation of the actual
convergence rate. Recall the dimension of the finite element space dim(S,;) =~ 4". Therefore, we achieve the optimal
convergence rate for the linear finite element method when the values computed in (27) converge to 1 as j increases, while
we lose the optimal rate if the values from (27) are less than 1. In fact, the closer these values to 1, the better convergence
rate we obtain.

To compute the asymptotic convergence rate (27) at the jth level, we must compute the difference between functions
defined on different grids, one of which is defined on a coarse grid and the other of which is defined on the fine grid. Under
the algorithmic strategy that generates the graded mesh, the coarse grid is constructed in such a way that it is nested in the
fine grid (see Fig. 2). Therefore, any node in the fine grid is either the node on the coarse grid or it is the point on the edge
of the coarse grid triangulation. Therefore, we only need to compute the interpolation of the coarse grid function u;_; onto
the fine grid. This can be done using a simple linear interpolation using the patch information of the fine nodes.

To verify the theory in Theorem 4.6, we have tested a variety of domains and graded meshes. These include a triangular
domain with acute angles (Fig. 3), various polygonal domains with the largest opening angles ranging from 110° to 150°
(Figs. 4-6). For each domain, we report the Wp1 convergence rates (27) on graded meshes 7; obtained from consecutive
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Fig. 5. The polygonal domain with angles 130° (v;), 130° (v,), 50° (v3), and 50° (v4): the graded mesh after three refinements with ¥ = (0.2, 0.2, 0.5, 0.5)
(left); the numerical solution (right).

Fig. 6. The polygonal domain with angles = 150° at vy, and <90° at other vertices: the graded mesh after three refinements with ¥ = (0.2, 0.5, 0.5, 0.5)
(left); the numerical solution (right).

Table 1

The Wp1 convergence rate of the linear finite element method on the triangular domain (Fig. 3)
withk; = 0.4and k; = 0.5.

A p=3 p=>5 p=10 p=15 p=o0
6 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00 1.00 | 0.99 0.95 | 0.96
7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.98 0.98
8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 | 0.99
9 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00

10 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00 1.00 | 1.00

refinements with different parameters . We also select different values of p in the range 1 < p < oo in these experiments
for fully validating our finite element algorithms. The numerical results are listed in Tables 1-4. Note that the parameter
K controls the mesh refinements near each vertex v; by the value of ;. As discussed above, we shall use quasi-uniform
refinements (k; = 0.5) near vertices with interior angles <90° in all the tests, since it is sufficiently effective approximating
local solutions. Thus, in these tables, we only specify the values of ; that correspond to vertices with interior angles >90°,
and the unspecified values of ; by default equal 1/2. We also highlight the results in some of the columns, which indicates
that this column is the border line case in terms of the values of ;, below and equal to which the optimal convergence rate
is predicted by the theory.

5.1. Numerical tests in Wp] norms

We proceed to report the test results.

Test 1: a triangular domain with angles 50°, 60°, and 70° (Fig. 3). For this case, the solution in fact belongs to er ()
for 1 < p < oo. Therefore, for a vertex v;, we can choose any value «; € (0, 1/2] to obtain the optimal convergence in the
Wp1 norm. In particular, quasi-uniform refinements should lead to the optimal convergence rate. We, therefore, report the
convergence history only for two values of : (I) ¥k = (0.4, 0.5, 0.5); (II) K = (0.5, 0.5, 0.5) (quasi-uniform refinements).
The Wpl convergence rates for p = 3, 5, 10, 15, and oo in Table 1 verify this theoretical prediction. A sample mesh and the
numerical solution are presented in Fig. 3.

Test 2: a polygonal domain with the largest opening angle 110° (Fig. 4). As mentioned above, we choose k3 = x4 = 0.5
for the vertices v3 and v4 due to the angle condition. In view of (25) and (26), for the vertices v, and v,, since 7/ x; = 18/11
(i =1, 2), special mesh grading may be necessary. In particular, for 1 < p < oo, we can choose

ki =min(27% 1/2) forany0 < a; < 18/11 —1+2/p =7/11 + 2/p;
and for p = oo, we choose
ki =2""% forany0 < a; < 18/11—1=7/11.
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Table 2
The Wp1 convergence rate of the linear finite element method forp = 3, 5, 10, 15and p = co
on the polygonal domain with the 110° angles (Fig. 4).

Therefore, for the first two vertices (i = 1, 2), the optimal ranges for some specific values of p are:

ki€ (0,05](p=3), kie(0,05(p=5), k<0, 0.436) (p = 10),
ki € (0,0.406) (p = 15),  «i € (0,0.336) (p = 00).

In Table 2, we list the convergence rates of the numerical solutions on meshes with k; = x, = 0.1 — 0.5 (recall that
k3 = k4 = 0.5 for all the meshes). It is clear from the table that for p = 3 and 5, the optimal convergence rate is achieved
for all k1, x; < 0.5; for p = 10 and 15, we obtain the optimal convergence rate when k1, k; < 0.4 but lose the optimal rate
on quasi-uniform meshes x; = x; = 0.5; for p = oo, the optimal rate is obtained when ¥ < 0.3 but not when x = 0.4 and
0.5. These numerical results verify the theoretical prediction. Namely, our construction (28) leads to finite element methods
that approximate the solution with the optimal convergence rate in the Wp] norm. A sample mesh is demonstrated in Fig. 4.

Test 3: a polygonal domains with the largest opening angle 130° (Fig. 5). For this case, the optimal range for the
parameter ¥ is determined as follows. For the vertices vs and va, it is sufficient to choose k3 = k4 = 0.5 for all the values
of p, since x; < 90°. For the vertices vy and v,, since 7/x; = 18/13 (i = 1, 2), special mesh grading may be necessary to
obtain the optimal convergence rate. In view of (25) and (26), for 1 < p < co, we can choose

ki =min(2~ V% 1/2) forany0 < a; < 18/13 — 14 2/p = 5/13 + 2/p;
and for p = oo, we choose
ki =2""% forany0 < a; < 18/13 — 1 =5/13.

Thus, by Theorem 4.6, for the first two vertices (i = 1, 2), the optimal ranges for some specific values of p are:

(28)

{lq € (0,0.5] (p = 15/14), ki € (0,0.5] (p =3), ki € (0,0.413) (p =5), (29)

ki € (0,0.305) (p = 10), ki € (0,0.262) (p = 15), ki € (0,0.164) (p = 00).

In Table 3, we list the convergence rates of the numerical solutions on meshes with k; = x; = 0.1 — 0.5 (recall that
k3 = k4 = 0.5 for all the meshes). These results, similar to those in Test 2, illustrate the effectiveness of our algorithms in
(29) to recover the optimal rate of convergence in the WI} norm for 1 < p < oo.

Test 4: a polygonal domain with the largest opening angle 150° (Fig. 6). The fourth set of tests are performed on a
polygonal domain with the largest corner angle given by 150° at the vertex v;. We choose the domain such that the interior
angles at other vertices are less than 90°. Thus, we only need to focus on possible special refinements near vy, since quasi-
uniform refinements (x; = 0.5) near other vertices shall be sufficient for good linear finite element approximations in Wp1
for1 <p < oo.

As in Test 2 and Test 3, the optimal range of the grading parameter « at the vertex v; depends on the index p of the Wp1
space. In particular, for 1 < p < oo, by (25), we can choose

k1 =min(2""" 1/2) forany0 < a; < 18/15—1+2/p = 1/5+ 2/p.
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Table 3
The W; convergence rate of the linear finite element method for p = 15/14, 3, 5, 10, 15 and
p = oo on the polygonal domain with 130° angles (Fig. 5).

p=15/14

Fig. 7. The L-shaped domain: the graded mesh after three refinements with x; = 0.2 toward the reentrant corner (left); the numerical solution (right).

Thus, by Theorem 4.6, for the vertex vy, the optimal ranges for some specific values of p are:

{/q € (0,0.5] (p = 15/14), k1 € (0,0.449] (p = 3), k1 € (0,0.315) (p =5), (30)

k1 € (0,0.176) (p = 10), Ky € (0,0.125) (p = 15).

The convergence rates of the numerical solutions on meshes with x; = 0.1 — 0.5 are listed in Table 4. It is evident from
this table that for any test value of p, we obtain optimal convergence rates when the grading parameter stays within the
range given in (30); and we lose the optimal rate for any value of «; that is out of the range. This implies that sufficient mesh
grading is necessary to achieve the optimal convergence rate in Wp1 when approximating singular solutions. The theory that
leads to the sharp selection criteria for the grading parameters is once again clearly verified.

5.2. Additional numerical results

Recall the hypothesis in Remark 4.7 for the Wpl convergence on non-convex domains and the claims in Remark 4.8 for
the [P convergence on convex domains. We here report some corresponding numerical results for readers’ reference.

In Table 5, we display the W; convergence rate of the numerical solution on a non-convex domain (the L-shaped domain
in Fig. 7). Let v{ be the vertex associated with the reentrant corner. In view of (25), near other vertices, quasi-uniform meshes
are sufficient for the optimal WI} convergence with the selected values of p. Therefore, we only test different values of the
grading parameter « for the vertex v;. Although our theoretical results do not apply to non-convex domains, the numerical
tests seem to imply that the formula (25) still gives rise to the optimal convergence rate in these Wp1 norms. For example,
using (25), we have the ranges of «; near v,

k1 €(0,0.5] (p =15/14) and «; € (0,0.125) (p = 3),

which are consistent with the ranges in Table 5, for which the optimal Wpl convergence is obtained.
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Table 4

The Wp1 convergence rate of the linear finite element method for p = 15/14, 3, 5, 10, and 15
on the polygonal domain with a 150° angle (Fig. 6).

Table 5

The Wp1 convergence rate of the linear finite element method for p = 15/14 and 3 on the
L-shaped domain (Fig. 7).

w, p=15/14 p=3
6 1.00 | 1.00 | 1.00 | 1.00 | 1.00 097 | 093 | 0.77 | 0.58 | 0.43
7 1.01 1.00 | 1.01 1.00 | 1.00 0.98 | 0.91 0.69 | 049 | 0.36
8 1.00 1.00 1.00 1.00 1.00 0.98 0.88 0.63 | 046 | 0.34
9 1.00 | 1.00 | 1.00 | 1.00 | 1.00 099 | 085 | 0.60 | 045 | 0.34
10 1.00 1.00 1.00 1.00 1.00 0.99 0.83 0.59 | 044 | 0.33

Table 6
The L? convergence rate of the linear finite element method for p = 3 and 5 on the polygonal
domain with a 150° angle (Fig. 6).

In Table 6, we list the L convergence rate on the polygonal domain (Fig. 6) for the same numerical solutions as in Test
4, Recall that the highlighted columns correspond to the border line case for the values of 1, below and equal to which the
optimal WI} convergence is predicted by our theory. However, it seems that for p = 3 and 5, the [P convergence rates are
optimal for k; < 0.5 and k; < 0.4, respectively. These are better convergence results than those predicted by (23), and
imply that the range of the grading parameter for the optimal L? convergence may be larger than the range of the parameter

for the optimal Wp1 convergence.
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6. Conclusion

We study the regularity and finite element approximations for elliptic equations in the Wpl norm (1 < p < 00), especially
when the solution possesses singularities due to the non-smoothness of the domain. Using appropriate weighted Sobolev
spaces and weighted Holder spaces, we first formulate regularity estimates for the singular solution that resemble the full-
regularity result for smooth solutions in the usual Sobolev spaces. Then, we describe the construction of a family of graded
meshes and the associated finite element methods. We further provide the regularity requirement on the given data and
propose specific selection criteria for the grading parameters, such that the associated finite element solution approximates
the possible singular solution with the optimal convergence rate in the Wp1 norm. The ingredients of our approach include
the regularity estimates in weighted spaces (Propositions 2.6, 2.7 and Corollary 2.8), a finite element stability result on
graded meshes (Theorem 3.4), and rigorous interpolation error estimates in weighted spaces. Numerical experiments are
conducted on a variety of test problems. The numerical results are clearly aligned with the theoretical prediction, and hence
validate the proposed method.
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