Applied Numerical Mathematics 153 (2020) 98-113

Contents lists available at ScienceDirect LR
MATHEMATICS

Applied Numerical Mathematics IMACS

www.elsevier.com/locate/apnum

L))

Check for
updates

A meshfree finite volume method with optimal numerical
integration and direct imposition of essential boundary
conditions

Hengguang Li®', Qinghui Zhang"*:2

4 Department of Mathematics, Wayne State University, Detroit, MI 48202, USA
b Guangdong Province Key Laboratory of Computational Science and School of Data and Computer Science,
Sun Yat-Sen University, Guangzhou, 510006, PR China

ARTICLE INFO ABSTRACT
Article history: Meshfree methods (MMs) enjoy advantages in discretizing problem domains over mesh-
Received 6 July 2019 based methods. Extensive progress has been made in the development of the MMs in

Accepted 9 February 2020

- ; the last three decades. The commonly used MMs, such as the reproducing kernel particle
Available online 13 February 2020

methods (RKP), the moving least-square methods (MLS), and the meshless Petrov-Galerkin
methods, have main difficulties in numerical integration and in imposing essential bound-

ﬁg:ﬁ:g: method ary conditions (EBC). Motivated by conventional finite volume methods, we propose a
Finite volume method meshfree finite volume method (MFVM), where the trial functions are constructed through
Essential boundary condition the conventional RKP or MLS procedures, while the test functions are set to be piecewise
Numerical integration constants on Voronoi diagrams built on scattered particles. The proposed method possesses

three typical merits: (1) the standard Gaussian rules are proven to produce optimal approx-
imation errors; (2) the EBC can be imposed directly on boundary particles; and (3) mass
conservation is maintained locally due to its finite volume formulations. Inf-sup conditions
for the MFVM are proven in a one-dimensional problem, and are demonstrated numeri-
cally using a generalized eigenvalue problem for higher dimensions. Numerical test results
are reported to verify the theoretical findings.

© 2020 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

We have seen extensive study of meshfree methods (also referred to as meshless methods) in the last decades and
many significant developments have been achieved. A meshfree method (MM) establishes approximation functions using
scattered particles to reduce the heavy computing load associated with the mesh generation in mesh-based methods (e.g.,
the finite element method (FEM)). The MM has been successfully applied to many engineering problems, especially those
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where the use of FEMs would require expensive remeshing of the domain, such as the problems with large deformations,
crack propagation, impact dynamics, etc. We refer to [1,4,10,11,15,36,39] for various aspects on MMs. In this paper, we
study the MM that is based on weak formulations and uses the shape functions that reproduce polynomials of degree k.
Examples of such MMs include reproducing kernel particle methods (RKP) [30,39], moving least-square methods (MLS) [40],
and meshless local Petrov-Galerkin methods (MLPG) [1-3].

It is well known that numerical integration and imposition of essential boundary conditions (EBC) lead to major difficul-
ties in the MM. The MM becomes quite time-consuming and may even fail to simulate the actual problem if these difficulties
are not addressed properly. First, the shape functions of MM are often not piecewise polynomials, and the conventional
Gaussian integration rules cause notable integration errors. Many novel ideas have been proposed to improve the accuracy
of the numerical integration, including background mesh integration [11,21,28,44], nodal integration [9,16,14,15,23], par-
tition of unity quadrature [13], stress point integration [22,27], support integrations [6,44-46,38,43], and others [1,5,20].
However, the effect of the numerical integration on MMs has not been understood sufficiently well, and the theoretical
analysis on the numerical integration is still in its early stages [5,6,44-46]. Second, the shape functions of MM do not sat-
isfy the so-called Kronecker property. Therefore, it can be very difficult to impose EBC in the MM. The efforts to address
the EBC can be categorized into the following classes: coupling with FEMs [34,25,31] and modifying bilinear forms, such
as the penalty method [4,10,49], the Lagrange multiplier method [4,11], the Nitsche’s method [4,25,29,33,41]. Various new
approaches in this area can be found in [26,32,48]. The coupling with FEMs causes essential modifications of the current
MM code framework, while modifying bilinear forms produces complicated bilinear forms and often introduces external
parameters, such as penalty parameters and stability parameters, which are difficult to select in a unified approach. To the
best of our knowledge, there has not been an MM that (1) uses the conventional Gaussian rules, (2) maintains the optimal
convergence order O(h¥) in the energy norm with numerical integration, and (3) imposes the EBC directly, where h is a
discretization parameter.

We briefly analyze the difficulties before designing an MM that satisfies (1)—(3). An integration constraint condition was
proposed in [6,45,46] as follows:

a
][Vp.wider][pr,-dx—][ﬁwids:o, VpeP (11)
wj i dw;
where ; is the shape function of the MM, Py is the space of polynomials of degree k, chi and fawl_ are the numerical
integrations for jw. and faw,-' respectively. It is noted that the equality (1.1) holds automatically because of the Green

formula if the numerical integration in (1.1) is exact. Based on (1.1), an approximation error O (h* + nh¥~1) in the energy
norm was proven in [6,45,46], where n is a constant representing the accuracy of the primary integration rule. After a
detailed investigation on (1.1), we find that ; in (1.1) is introduced as a test function rather than a trial function. The
conventional Gaussian rules cannot make (1.1) hold because of the non-polynomial features of ;. This is a major source
of the integration errors in MMs. Meanwhile, the error O (h¥ 4+ nh*~1) cannot be reduced by increasing the degree of
polynomials in (1.1). Note that the supports of ;s are overlapping, and the integration errors caused by different v; cannot
be canceled. Finally, the reason that it is difficult to impose the EBC in the MM is that the supports of the test functions
Y¥;'s, associated with the particles inside the domains (not on their boundaries), do not vanish on the domain boundary.
This yields nonconforming integration terms on the essential boundary, and consequently direct imposition of EBC based on
the standard bilinear forms can lead to large conforming errors.

According to the analysis above, it is important to take both the numerical integration and the EBC into account when
designing a new MM. In particular, we would like to have an MM such that its test functions ;’s (a) satisfy (1.1) when
the conventional Gaussian rules are applied, (b) have non-overlapping supports, and (c) vanish on the domain boundary for
those associated with the particles inside the domain. Motivated by the finite volume method (FVM) [7,35,12,17,47,37], we
propose a meshfree finite volume method (MFVM) in this study. The trial functions are produced by the conventional MMs,
such as the RKP [30,39] and MLS [40]. The test functions are designed based on a Voronoi diagram constructed through
the particles. Specifically, let D;'s be the sub-regions (control volumes associated with the particles) of the Voronoi diagram,
as shown in Fig. 1. The test function v; is chosen to be the indicator function 1p, that is 1 in D; and O outside D;. It
is easy to show that such D; and ; = 1p, satisfy (a)-(c) above. Indeed, it is shown theoretically and numerically in this
paper that the MFVM with the test function v; = 1p, satisfies (1)-(3). Namely, it produces the optimal convergence order
O (h*) in the energy norm with the conventional Gaussian rules, and imposes the EBC directly at the nodes on the essential
boundary. Moreover, as in the conventional FVM, the inclusion of the indicator function 1p, in the test space ensures the
mass conservation in each control volume Dj. It is clear that our MFVM is a Petrov-Galerkin method, like the conventional
FVM. The inf-sup condition for the MFVM is proven in a one-dimensional problem, and a generalized eigenvalue problem
is developed to numerically verify the inf-sup conditions in other dimensions. We stress that the Voronoi diagrams are
essentially different from the FEM meshes that require certain conforming conditions, such as maximum angle or shape
regular conditions [18]. The Voronoi diagrams can be established together with connectivity of the particles by mature
algorithms [24]. The Voronoi diagrams were used in the MM to make nodal integration [16] as well as to propose virtual
element methods [8] and natural element methods [42]. We mention that similar ideas were applied to fluid dynamics [19],
as well as appeared in the MLPG 5 [1-3], where the supports of the test functions were overlapping and the EBCs were
imposed by the penalty methods. Moreover, the optimal convergence with the numerical integration was not proven there.
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The paper is organized as follows. In Section 2, we introduce the model problem and describe the MFVM. The inf-sup
conditions of the MFVM are studied in Section 3. The effect of numerical integration on the MFVM is analyzed in Section 4,
where the conventional Gaussian rules are shown to ensure the MFVM to converge with the optimal order O (h*) in the
energy norm. In Section 5, the direct imposition of EBC is presented for the MFVM, and the optimal convergence is proven
theoretically. Numerical tests are presented in Section 6 to demonstrate efficiency of the proposed algorithm and to verify
theoretical results. Concluding remarks are included in Section 7.

2. The model problem and the MFVM

Let D be a domain in R? (1 <d<3)and m>0 be an integer, and let 1 < p < +o00. We denote the usual Sobolev space
as W™P(D) with norm | - ||wmpp) and semi-norm | - |wmpp). The space W™P (D) will be represented by H™(D) in the
case p=2 and LP(D) when m =0, respectively. We denote by H{'(D) the set of all functions in H™(D) having zero values
at the boundary dD. The polynomial space of degree k in R? is denoted by 7.

Let © c R? be a bounded domain with a Lipschitz boundary I := 3. To better present the idea, we first consider a
model problem with the Neumann boundary condition

—Au=f, inQ
Vu-n=g, onT, (2.1)

where 7 is the unit outward normal vector to T, f € L%(Q), g € L2(I"), and the solution u to (2.1) is assumed to satisfy
u € Wkt1.20(Q). The essential boundary conditions (EBC) will be addressed specifically in Section 5.
An equivalent variational formulation solving (2.1) is given by

Find u € H'() such that B(u, v) = F(v), Yv € H(Q), (2.2)

where

B(u,v)z/Vu-Vvdx, F(v)z/fvdx—i—/gvds.

Q Q r

The approximation space in the MM

The meshfree methods (MMs), such as the reproducing kernel particle methods (RKP), the moving least-square methods
(MLS), and the meshless local Petrov-Galerkin methods (MLPG), approximate the variational problem (2.2) using scattered
particles in € instead of meshes in mesh-based methods (e.g., the FEM). Let X, = {x;, i € Ny} C € be the set of particles,
represented by a small discretization parameter h, where Ny is an index set. Let Uy = span{¢; : i € Ny} be a family of finite-
dimensional subspaces, where each ¢; is associated with a particle x;. The shape functions ¢;’s are compactly supported, and
denote w; = supp ¢; and h; = diam w;. We divide Nj, into two parts: Ny = {i € N : x; € T} and Nj = N, \N},. The fundamental
assumptions on Uy are as follows.

A1: We assume that the distribution of the particles is quasi-uniform, i.e., there exist positive constants C; and C;, inde-
pendent of h and i, such that

h.
C1< ﬁ < (3 and C1h? < |w;| < CohY, (2.3)

where |w;] is the “area” of w; in RY.

A2: (Finitely overlapping) For i € Ny, let S; ={j € Ny : wj Nw; # ¥} and assume that there is a constant «, independent of
i, j, and h, such that

cardS; <k, VieNp. (2.4)

A3: (Polynomials reproducing) The shape functions reproduce polynomials of degree k, i.e.,

Z p(x)pi(x) =p(x), VpePfandxeQ. (2.5)

iENh

A4: There exists a positive constant C, independent of i and h, such that

D% il (@) < Chy ! for || =0, 1, @ is a multi-index. (2.6)
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Fig. 1. An example on Voronoi diagram: D; is the region associated with particle x;.

A5: There exist positive constants Cq, C, independent of h and i, such that for any i € N,

Cillvlifay,, <h{ D vi<Callvify,): (2.7)

JES;
2 d-1 2 2
CillvIZa g nr <hE D V3 < CallvITa g nrys (2.8)
JjeSi

)

CLlVE gy SHT2 Y = v <GV, (2.9)

JeSi

where v € Uy, is of the form v =),y Vi ¢i.

Remark 2.1. The subspace U}, that satisfies the assumptions A1 - A5 has been studied extensively. We refer to [4-6,46,30,40]
for details. The approximation properties of Uy are also well known in the literature. We present the following approxima-
tion property that will be employed in this paper, and its proof could be found in [4,30,40,46]. For u € Wk+1.(Q), define
the Up-interpolant of u by Zu as

Thu = Z u(x;) ;.

ielh
Lemma 2.1. For any u € Wk+1.20(Q),

It = Tpull oo gy < CHH Ul gy, 1=0,1,-++ k+1, (210)

where C is a constant independent of h and u.

A Galerkin meshfree method to discretize (2.2) is given by

Find 9y € Uy such that B(dy,, vp) = F(vp), Y vy € Up. (2.11)

Using a standard Céa lemma and (2.10), we have
U= Plui@) <€ Inf Ju—vhlyig) < Clu = Tyulyi g < Ch¥[u] yys1.00 -

A meshfree finite volume method
It is well known that the Galerkin meshfree methods (2.11) based on A1-A5 can be less effective due to numerical integra-
tion and imposition of the EBC (see Introduction). In what follows, we propose a meshfree finite volume method (MFVM)
that maintains the mass conservation as the conventional FVMs, and also addresses the concerns in numerical integration
and in the EBC.

Let Dj,i € Ny, be regions of the Voronoi diagram constructed from the particles Xj, where D; is associated with parti-
cle x; (see Fig. 1). D; is called a control volume with respect to x;. Define 1p, to be the indicator function on D; that is 1 in
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D; and 0 outside Dj, and Vj, = span{1p, :,i € Np}. It is obvious that dim(Up) = dim(V},). Multiplying 1p, on both sides of
(2.1) and making integration by part yields

— / Vu~ﬁids=/f(x)dx+ / g(s)ds, VY ie Ny, (212)
aD;\I" D; aD;Nr

where 1i; is the unit outward normal vector to the boundary of D;. According to (2.12), we define a bilinear form Aj on
HY(Q) x Vy

Ap(v.on) = |- / Vv-iids |, Y ve H'(Q) and V o = Y cilp,
ieNp aD\T ieNy

and a linear functional L, on Vj,

Lp(on) :=Zc,~ /f(x)dx+ / g(s)ds |, VO’h:ZCi]Di.
D;j

ieNp aD;Nr ieNp
Hence, (2.12) becomes
Ap(u,op) =L(op), Y op € Vi (2.13)
The MFVM to discretize (2.13) is defined as follows:

Find u, € Uy such that Ap(up, op) = L(op), VY op € Vp. (2.14)

We refer to Uy, and Vj, as the trial and test spaces of the MFVM, respectively. Note that the inclusion of indicator functions
1p; on control volumes in the test space is to ensure the mass conservation on each control volume D;.

Recall dim(Up) = dim(V}). For simplicity, we define a one-to-one mapping which maps a trial function wp =
ZjeNh wjg¢;j € Up to a test function wy € Vj, by

*
wp = ZWjd)j =ij1Dj€Vh~

JeNy Jj€Np

With this mapping, the MFVM (2.14) can be rewritten as a variational formulation on Uy as follows

Find uj, € Uy such that A} (up, wy) = Li(wp), Y wy € Up, (2.15)

where A} is a bilinear form on HY(Q) x Up, and Ly a linear functional on Uy, defined by
Ap(v, wp) == Ap(v, wy) and Lj(wp) :=Lp(w}), V ve HY(Q), wj € Up.
We next prove a continuity result for Aj.
Lemma 2.2. A} is continuous on H2(2) x Uy, namely, there exists a constant C independent of h and i € Ny, such that
|Af (v, wi)| < C(IVIg1 @) + hiIVIg2@) IWhlgi @) ¥ V€ H?(Q), wpeUp. (216)

Proof. Let w, = ZiEN,- wi¢;. Then

% - 1 -
Ah(v,wh)=Zwi - / Vv -nids =§Z Z(Wj—Wi)/VV'nj,]’dS , (217)

ieNp aDAT ieNy j€§i aD;

where S; = {jeNp: (@D;\T)N@OD;\T)#¥P}, dD; j=(dD;j\I)N(@D; \T), and ﬁ,-,j is a unit vector normal to 9D; j and
directed toward D;. Using the Cauchy-Schwarz inequality in (2.17) produces
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172 1/2
1 5 R 2
TRSELS B DI N DI I T O
€Ny \je§; jeSi aDy;
1/2 1/2
<Y (D wj—wp?) 3> net / Vv i jl2ds) |
ieNp  je§; ieNy  jes§; aD;
1/2
1-4 d—1 - 2
<Ch'" Zwplph 2 | Y \Vv.nil2ds |
i€Nhg p;\r
where the last inequality is because of (2.9). Finally, according to the trace inequality, we have
1/2

1 1 2 20,2
AR wil < Chz [walg gy | 3 D (VI o, + PV p)) | = Clwnliiie) (VI @) +hIVIng)-
l‘ENh

which is the desired result. O

It is noted that A} is not symmetric on Up. Thus, the inf-sup condition of bilinear form A} in Uy is crucial for success
of the MFVM. We formulate the inf-sup condition as an assumption for now and shall investigate it further in the next
sections.

Assumption. (inf-sup condition) There exists a constant « > 0 independent of i and h such that for any v € Uy, there is
wy, € Uy, satisfying

Ap (v, W) = ol Vi g1 ) |Whig (q)- (218)

Remark 2.2. We will prove the inf-sup condition (2.18) of A} for the one-dimensional case in the next section. For general
cases, we will present a generalized eigenvalue approach to verify the inf-sup condition (2.18) numerically.

Theorem 2.1. Let u € H2(2) be the solution to (2.1), and assume the bilinear form Ay satisfies the inf-sup condition (2.18) on Uy, then
the MFVM scheme (2.15) (or (2.14)) has a unique solution uy, satisfying

|u — uh'Hl(Q) <C inf (|u — Wh'Hl(Q) + h|u — Wh|H2(Q))- (219)
wpelUy

Proof. For all vy € Uy, we have
Ap(up, vp) = L*(vp) = Af(u, vp), and Aj(u —up, vy) =0.
Therefore, by (2.18) and (2.16), we have
1 |Ay (up —wp, vl 1 “u [A} (U — wp, V)

O veUy Vil (@) O y,eUy [Vilht @)

IA

[Up — Whlg1 (@)

IA

C
E(lu — Whlgi(g) thlu — whlg2g),

from which (2.19) follows immediately since |u — Unlpi) < lu— Whlgi() + lun — Walgigy. O

Remark 2.3. The result (2.19) means that the MFVM solution reaches the optimal convergence under the assumption (2.18).
We refer to [4,30,40] for the approximation properties of the trial space Uj,.

Remark 2.4. The solution to (2.15) is unique up to a constant since we solve a pure Neumann problem (2.1). There are
several conventional approaches to ensure a unique solution to (2.15), such as Lagrange multiplier and imposing zero value
at a particular point in €2, see [6] in detail. We use the latter in this paper for convenience to present the main idea. Let
zp € Q be fixed, and we solve (2.15) under a constraint uy(zp) = 0 to ensure a unique solution. This approach will be used
for the pure Neumann problems in other sections without describing it specifically.
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3. The inf-sup condition

We prove the inf-sup condition (2.18) for a one-dimensional case. A generalized eigenvalue problem is proposed to
numerically verify the inf-sup condition (2.18) in two- and three-dimensions.

Let = (0,1), and suppose N particles {x; : i =1,---,N} with x; = 0,xy = 1 are scattered in Q. We assume that
x; are quasi-uniformly distributed, and h; are set so that the shape function ¢; satisfies the assumption A1 — A5 with
k =1. It is clear that in this case the associated Voronoi diagram consists of sub-intervals [X;_1,x;],i=1,2,---, N, where
Xi = %(x,- +Xxit+1),i=1,2,---N —1, and Xo = x1, Xy = xn. Therefore, the test space V}, is given by

Vy=span{ljz,_, x7:i=1,2,---,N}.

To simplify the presentation, we assume that the support diameter h; are chosen such that each x; is covered by the
supports of two shape functions ¢; and ¢;11. We mention that it is not a serious restriction since we are considering the
linear polynomial reproducing ((2.5) with k=1).

Proposition 3.1. Assume that the shape function ¢;’s satisfy the assumptions A1 — A5 with k = 1, and each X; is covered by supports
of two shape functions ¢; and ¢;11. Then there is constant C independent of h and i such that

Aji(up. up) = Clup |} ). ¥ Un € Up. 3.1)

()’

Proof. For up = Z,N:l ci¢i € Up, we have

N—1 N—1
Ar(up,up) = —crup () + Y 6i(upRia) — up (%) + enup Ry-1) = Y up i) (Cig1 — Ci). (32)
i=2 i=1

Since x; is covered by the supports of two shape functions ¢; and ¢;;+1, we have

up (Xi) = Cip; (X;) + Cip10j, 1 (X)) = dj 1 (Xi) (Ciy1 — Ci)- (3.3)
We obtain (3.3) due to the reproducing property (2.5) that gives

$i(X) + pir1(X) =1 and ¢; (X)) + @i, (X)) =0.
With (3.2) and (3.3), we have
N-1
A (up,up) =Y ¢ & (Ciyr — i) (34)
i=1
The particles x; are quasi-uniformly distributed. Then there is a constant C independent of h and i such that |x;11 —X;| > Ch
(x; is the center of [x;, xj1+1]), which yields that

1 _ 1
C1 h =< ¢}+1(Xj) = CZE,
where Cq, C, are constants independent of h and i. Therefore, we have

N-1
1
Ap(up, up) > E CE(CiH —c)? ZCIUhIip(Q),
i=1

where the last inequality comes from (2.9). O

In fact, we have derived a stronger result (3.1) in a special one-dimensional case, which leads to the inf-sup condition
(2.18) directly. The condition (3.1) is referred to as the coercivity of A;. Meanwhile, the inf-sup condition (2.18) can be
verified numerically for higher dimensions and higher degrees k of reproducing polynomials, as shown in the numerical
experiments. We shall present a generalized eigenvalue problem to verify the inf-sup numerically in general situations.

To this end, we denote by A the stiffness matrix derived from (2.15). We also need the stiffness matrix B from the
Galerkin method based on the bilinear form B(-, -) on Uy, (see (2.2)). It is noted that A is not symmetric, and B is symmetric.
For arbitrary up = ;uj¢; and vy, =3 vi¢; in Uy, we denote by uw= [u;] and v = [v;] the coefficient vectors of uy and vj.
Therefore, the inf-sup condition (2.18) has the equivalent matrix-vector form

. v Au
inf sup

T . (3.5)
ueRN ycrN +/u’ Buv/vI Bv
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Let w= B%v, we have from (3.5)

it sup w'B~}Au - IB-2Au| . . [uTATB-1Au 6)
o< _— = —_— =i _—, .
ueRN werN vVulBu|w| ueRM¥ uTBu ucRN u’Bu
namely,

u’ATB 'Au > ¢?u’Bu, Vuec RV,
It is clear that o2 can be bounded below by the smallest eigenvalue Ami, of a generalized eigenvalue problem

ATB~!'Au = ABu. (3.7)

We refer to Ajs := +/Amin as the inf-sup constant of the MFVM, which will be employed to verify the inf-sup conditions for
the MFVM numerically when h is not very small. Numerical test results will be presented in Section 6.

4. Effect of numerical integration

Numerical integration plays an important role in effective implementation of meshless methods, largely due to the non-
polynomial features of the shape functions. In [6,45,46], a novel integration rule was developed where the integration
formulations were required to satisfy the discrete Green formula (1.1); consequently, the approximation error in the energy
norm was bounded by O (h¥ + nh*~1), where 7 is a constant representing the accuracy of the primary integration rules. This
error estimate is sub-optimal and the standard Gaussian rules do not satisfy (1.1) because of the non-polynomial features of
;. Note that v; is introduced in (1.1) as the test function rather than the trial function. Therefore, if the test function v; is
the piecewise constant 1p,, similar to the case in the MFVM, equation (1.1) will hold for the standard Gaussian rules. This,
along with the disjoint supports of 1p,, enables us to improve the sub-optimal error estimate 0 (k¥ + nh*=1) to an optimal
estimate O (h%). The detailed analysis on the effect of numerical integration on the proposed MFVM will be carried out in
this section.

We consider the proposed MFVM (2.15) and let u, = ZjeN,, cj¢; be its solution. Then we obtain a linear system from
the discretized variational formulation (2.15)

Zﬂijcj':l,', Vie Ny, (4.1)
JENy
where
Bij = Ap (@), di) = — / V¢;-nids and liEL*(¢i)=/de+ / g(s)ds.
aD\T D; aD;Nr

In practice, these integration terms are computed numerically as follows:

Bij=— ][ V¢j-ijds and Ii szdx—i— ][ g(s)ds,
aD\T D; aD;Nr

where JC‘()D,-\F’ fDi' fan,—mr are the numerical integration in the stiffness matrix [Bi,-] and the load vector [71-], respectively. We
in fact will solve a version of system (4.1) with numerical integration:

Z,BNUC]':L', ViGNh. (4.2)
Je€Ny
To analyze the approximation error of solution to (4.2), we develop an equivalent operator form of (4.2). For any uy and wy,
in Uy with expressions ZjeNh uj¢; and ZieNh wjg;, respectively, we define
Ap(up, wp)= Y ujBywi and T*(wp) = ) wili, (4.3)
i,jENp ieNp

which are a bilinear form and a linear functional on Uy, respectively. Then the linear system (4.2) is equivalent to
Find ity € Uy such that A (ilp, wp) = L*(wp), ¥V wy € Uy, (4.4)

To establish the unique solvability of (4.4), we prove the inf-sup condition of bilinear form ;\; on Up. To this end, the
following result will be used below, i.e., there exists a small positive constant 7, independent of h, i, and j, such that for
each i, je Ny
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’ / Voids — ][ V¢jd5‘ =TIIDATIVillLoo (i) (4.5)

3D\’ aDAT

where t is associated with accuracy of the integration rule fa DAT and decreases as the integration accuracy increases. The
proof of (4.5) can be found out in [44,6].

Proposition 4.1. (inf-sup) There exists a constant & independent of i and h such that for any vy, € Uy, there is a wy, € Uy, satisfying
A (Vh, Wh) = @|Vhl g1 @) Whlg1 o) (4.6)
Proof. According to the inf-sup condition (2.18) of Ay, for any vy, € Uy, there is a wy, € Uy, satisfying

Ap(vh, wp) > o|Val 1) [ Whlnt(q)- (4.7)

We next estimate difference between Aj(vp, wy) and A;;‘(vh, wp). Let vy = ZieN,_ vig; and wp = ZieN,_ wig;. Using the
similar calculation with (2.17) and the Cauchy-Schwarz inequality, we have

‘Aﬁ(vh,wh)—i\z(vh,wh)‘:‘Zw,- [][— / ]Vvh-ﬁ,-ds ’

ieNp aDA\T  aD\T
X 2wy = wi( [ [ = Jommingas) || (48)
ieNp 'e aD;; aD;;
1/2 1/2
1 - 2 1
E ZZ(WJ W) ZZ([ - ]Vvh-ni,jds) =:§l1 X Ip.
ieNn jES, ieNn j€.§i aD;j 9D
It is proven in Lemma 2.2
d

We next estimate I5. For any i € Nj, and j € S;, we have

2
2
[/— ][ ]VVh'ni,de‘ = [/— ][ ]Z(Vl_vi)v¢l'ni,jds
aD;j 9D aD;; aD;; I€Si
2
==l [ = v
les; aD;; aD;
2
<D wi-v?||> [/V¢1d5— ][ V¢1d5]~ﬁi,j
leS; leS; aD; aD;
< C*~|vplf,, (Card SHT?PD N\ TP IVIT (o)
< CR* vyl o, K T2 2R, (4.10)

where we use (2.9), (4.5), (2.4), and (2.6) to get the last two inequalities. Then, using (4.10) in (4.8) and noting Card §; <
Card S; <k, we get

1/2 1/2

g 2pd—2,, (2 {1 2 d—3
L=< |CY (@@rdSpkt®h vl | =CothZ™ | Y valfi,, | = Chth®"2(valy g
fENh iENh

Employing the estimates about I; and I7 (4.9) in (4.8) yields
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A W) = Ar i, )| = CT Vil o Wil -

Finally, Az(vh, wp) = Ap (v, wy) — ‘A;(vh, wp) — Z\z(vh, wp)| > (@ — CO)|Vply1 ) Whlgi () We get the desired result by
letting & = o — Ct, which is large than O for small t (7 decreases as the integration accuracy increases). O

With the inf-sup condition (4.6), the variational problem (4.4), perturbed by numerical integration, can be solved
uniquely. We next analyze the optimal approximation errors of iij,.

Theorem 4.1. Let u and iy, be the solutions to (2.1) and (4.4), respectively. Suppose u € W*t1.2(Q) and f € Wk (Q). Assume
that for any i € Ny, the numerical integration rules faD”, jeSiand fD,- are exact for polynomials of degree k — 1 on dD; ; and D;,

respectively. Assume forany i € N;l, fDmr is exact for polynomials of degree k — 1 on D; NT. Then there exists a constant C independent
of h and i such that

U — Tl g1 () < Ch¥|ul et ) + CH¥| flyykoo g - (411)

Proof. Let Zyu be the Up-interpolant of u. We first present a Strang lemma as follows:

|Aj (Zhu, wi) — Af (Zhu, wp) + Li(wp) — L (wp)|

|ﬂh _Ihu|Hl(Q) S C|u _Ihu|H1(Q) + C Sup N (412)

wpeUy Whip (g

which can be proven in similar ways as in [6], and therefore we omit detailed calculations here. The second term in the
right hand side of (4.12) is referred to as the conforming error of the numerical integration.
For a function v € Wk+1.:2°(Q), the Taylor polynomial of degree k of u evaluated at x; is denoted by

1
k
TV = Y — DUV (x)(x—x)".
|| <k
A standard error estimate is known as follows:
|V — Tl!{VlWI,oo(Di) < Chk+]_l|V|Wk+l,:>0(Q)a I= 07 17 c sl< +1. (413)

According to (2.10) we have

||Ihu”WI<+1.oo(Q) =< ”u”WkJrl,oo(Q) + ”u _Ihu||Wk+1,oo(Q) < C|u|wk+l,:>o(Q)- (414)

Letting wy = ZieNh wi¢; and using the same calculation as (2.17), we have

~ 1 >
A7 T, wi) = R @ wi) | = 5 3 | 3w = wa| / - ][ |V Zu - | (415)
i€Np | je§; aD;; 9D

where 7; j is a unit vector normal to 9D; j and directed toward D; (2.17). Since the integration rule faDU integrates the
polynomials of k — 1 exactly, we have

[/— ][ ]VIhu-ﬁ,;jds = [/— ][ ]V(Ihu—TfIhu)-ﬁi’de
aDjj 0D aD;jj 9D
< Chk+d71 |U|Wk+1,oo(g2)7

where the last inequality comes from (4.13), (4.14), and a fact [9D; j| < Ch?-1, Using this estimate and (2.9) in (4.15), we
have

1/2
| A (Zhtt, i) — A (Zpu, wi)l < CHM I o) Y | Do (wj—wi)?
ieNp \jes;
1/2 1/2
< cpkrat [l it () Z (Z(Wj - wi)?) Z 1
iENh j€§i ieNh

1,24 _d
5Chk+d ]h 2 |u|W’(+1v°C(Q)|Wh|H1(Q)h 2 :Chk|u|wk+1,:>o(g2)|Wh|H1(Q). (416)
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Fig. 2. An illustration on numerical integration for k = 1, 2: one-point Gaussian rule (o) on each side of the sub-region is sufficient to produce the optimal
convergence rate.

Next, it can be shown that

Liowp) = Lrwi) =Y wi [ = ]f@dx+ > wi[ [ — + Jas)ds. (417)
[frozo] ]

i€Nh i D ieN;  p/ar  p;Ar
Similarly,
[~ Jreoax = [ [ = J(re0 -1 reoyax| <t e,
D; D; Dj Di
and
[/ —~ ][ ]g(S)dS = [ / - ][ ](g(S)—Tf“1g(5))ds
D;nIC  D;NI' D;nIC  D;NI

f Chk+d_1 |glwk.oo(r) < Chk+d_1 |U|Wk+1,oo(Q).

Using these two estimates, (2.7), and (2.8) in (4.17), we have
~ 1/2 1/2
1L wh) — L Wi | < O f e (S WD) 230 1)

ieNy ieNy
k+d—1 2\1/2 1/2
+Ch<+ |u|WI(+1.0C(Q)(ZWl‘) (Z 1)
ieN, ieNy
< ChkH| £ h—$ h=% 4+ Chk+d-1 h= h= 418
= Wk,oo(Q) || Wh ”LZ(Q) + |u | Wk+].oc(9) || Wh ”LZ(F) . ( . )

Remember that we impose the condition wy(zp) =0,V wy € Uy, to ensure a unique solution to the pure Neumann problem
in Remark 2.4. Then according to the Poincaré inequality and the trace inequality, we have

lwn ”LZ(Q)SCIWhIm(Q) and |[[wp lizry < IWnllgiry < IWhlgiry-

Based on this, (4.18), (4.16), (4.12), and (2.19), we get

~ ~ l k
|u — uh|H1(Q) f |U —Ihu|Hl(Q) + |uh —Ihll'Hl(Q) f Ch(|u|Wk+l,:>o(Q) + Ch<|f|Wk,:>o(Q),

which proves the estimate (4.11). O

Remark 4.1. The optimal convergence rate O(h*) in the energy norm is derived in Theorem 4.1 for the proposed MFVM
with numerical integration. We will also test the convergence rate (4.11) numerically in the next section. The numerical
integration rules in Theorem 4.1 are easy to implement. For example, we consider the two-dimensional problem with
k=1, 2. In this case, the one-point Gaussian rule on 9D; j (exact for linear polynomials on 9D; ;) is sufficient to achieve the
optimal error estimate. See Fig. 2. The complexity in the numerical integration is almost the same as the nodal integration
[9,16], and the computing cost is much cheaper than other integration rules in the MM.
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5. Direct imposition of the EBC

In this section, we emphasize on the treatment of the EBC in the proposed MFVM. We will prove that the EBC can
be imposed directly on the boundary particles. It will also be demonstrated that the Kronecker property of the shape
functions ¢; may not be necessary for the meshfree particle methods. We consider the model problem (2.1) with an essential
boundary condition

—Au=f, inQ
u=up, onTl. (5.1)

For convenience, we divide Ny, into two parts: Nj = {i € N : x; € '} and N} = Nj\N},. Namely, the particles x; € N}, and
xi € Ny are located on the boundary I" and inside 2, respectively. Denote

U, =span{¢;: j€ Ny} and Uy =span{¢;: j e Ny}
For any v € H%(S2), we define
v := Z v(xj)¢i and Zpv:= Z v(Xi)oi,
ieNy ieN,

which are the interpolants of v in U} and U}, respectively. For any i € N;, multiplying two sides of (5.1) by 1p; and using
the integration by parts, we obtain

—/Vu~ﬁids:/f(x)dx, VieN;. (5.2)
aD; D;

For any v} = ZieN}: ci¢i € Uy, denote

Fr(vy) = Z Ci /f(x)dx
Dj

ieN,’{
Then (5.2) is equivalent to

Aru, vy =Fr(vi), Y vy =Y cigie Uy, (5.3)

; "
ieNy

where A} was defined in (2.15).
To discretize (5.3), we consider a discrete variational formulation as follows:

Find Zj ug + uj, with uy € Uy, such that A;(Zyuo + uy, vy) = Fi(vy), ¥ vy € Uy (5.4)
Obviously, the formulation (5.4) is the same as
Find uy € Uy, such that Aj(uy, vi) = Fi(vy) — Af(Zyuo, vy), ¥ vy € Uy. (5.5)

The inf-sup condition of the bilinear form Aj(-,-) on U} can be established using the same way in Section 3. This ensures
the unique solvability of (5.5) or (5.4). According to (5.3) and (5.4), we have

Aj(u—TZpug —up,vy) =0, V vy €Uj. (5.6)
Then, using the equation (5.6) and the similar argument as in Theorem 2.1, we have

|u - I,;u() - u;,”H](Q) f C Wirél{]ﬁﬂu - I,;u() - W;{'Hl(Q) +h|u —I,/IUO - W;{'HZ(Q)) (57)
h

Therefore, letting w}, = Z;'u in (5.7) and noting the EBC u =up on T, we have
lu —Zhuo — up |y ) < Clu — Zyuo — Tjulyiq) + hiu — Zuo — uly2q))
= C(Ju — Tnulyi(q) + hlu — Tput| 2 (g)) < CRX ullyyisr.oo g (5.8)

where the last equality is due to the interpolation error estimate (2.10).



110 H. Li, Q. Zhang / Applied Numerical Mathematics 153 (2020) 98-113

Remark 5.1. Clearly, the estimate (5.8) shows that u is approximated by Zjuo + u; with the optimal convergence order.
I;luo + u;{ is solved from the discrete variational problem (5.4). It is important to note that I;luo is the interpolant of u
based on the particles on the boundary I', which is given according to the EBC u = ug on I'. This implies that the EBC
is imposed directly on the boundary particles in the MFVM, even though the trial shape functions ¢;'s do not satisfy the
Kronecker property.

In many MMs, there exist the test functions i, associated with the interior particles x;,i € N;,’, whose supports may
intersect with the boundary. Multiplying two sides of (5.1) by such v¥; and making the integration by part generate that

3
/Vu-w,-dx— / %wids:/fl//,-dx, Vpep. (5.9)
wj w;iNI’ wj

Comparing (5.9) with (5.2), we note that there is a nonconforming term fw,-mr g—ﬁwids in (5.9), where ‘3—ﬁ is unknown on T.

This creates the difficulties in directly imposing EBC in the MMs. Thus, various special treatments were proposed to manage
the conforming errors, such as penalty techniques. In the proposed MFVM, the supports of test functions ¢; =1p,,i € N,/;
do not intersect with the boundary I', and the EBC can be enforced directly, as demonstrated in (5.4) and (5.8).

6. Numerical tests

The numerical results are reported to verify the theoretical results in Sections 4 and 5. We only consider the EBC (5.1) to
demonstrate that the proposed MFVM can address the numerical integration and the imposition of the EBC simultaneously.

For comparison, we also present the numerical results of the conventional MM (2.11) where both the trial and the test
spaces are Uj. We use the numerical integration rules for the MFVM that satisfy the conditions in Theorem 4.1. Namely,
faDi,j’ Jje S; and fo are exact for polynomials of degree k — 1 on dD; ; and Dj, respectively; and fD,—mr is exact for poly-
nomials of degree k — 1 on D; NT. Therefore, we use one-point Gaussian rules on faD,-j and JEDi' respectively, since we
consider the cases k =1, 2, see Remark 4.1. We use a background integration scheme for the conventional MM. Specifically,
we use 5-point and 5x5 Gaussian rules on each background portion for one-dimensional and two-dimensional problems,
respectively.

The EBC will be imposed directly on the boundary nodes for both the MFVM and the MM. The optimal convergence rate
of the MFVM with the direct imposition of EBC was proven in Section 5. There are various approaches to enforce the EBC in
the conventional MM, such as the Lagrange multiplier, the penalty methods, and coupling with the FEM. We do not present
these methods since we would like to show that it is feasible for the MFVM to impose the EBC directly without special
treatments.

We will also test the inf-sup constant A;s defined below (3.7) in Section 3 and compare the relative errors of the MFVM
and the MM as follows:

EE o TN
[ulpg (@
where uy is an MFVM or MM solution.
We first test a one-dimensional problem. Let 2 = (0, 1) and I" = {0, 1}, then the model problem with the EBC is

—u”"=f(x) inQ, and u(0)=up(0), u(l)=ug(1). (6.1)

We assume that u(x) = e is the exact solution, and the f(x) and ug(x) are calculated through equation (6.1) using u.
Let {x;:i=1,---,N} with x; =0,xy =1 be the particles in 2, and each x; is associated with a weight function w;(x) :=
v”v(";—i""), where W is a cubic spline reference function as follows:

§ — 4 +4lxP, Xl <3
W) =1 3 —4x+4x2 - Fx3, 1 <ix=<1, (6.2)
0, x| > 1
and r; controls the support of w;. The trial function space U, ={¢;:i=1,2,---, N} is constructed according to x; and w;

using the standard MLS or RKP procedures. These shape functions satisfy the polynomial reproducing property as follows:

N
in-qbi(x) =xl, [=0,1,---,k.
i=1
In the numerical experiments we only consider the cases k = 1, 2 that are most frequently applied in practice. The associated
Voronoi diagram consists of [xj_1,X;],i=1,2,---, N, where X; = %(xl- + Xi+1), i=1,2,---N — 1, and xo = X1, XN = XN.
Therefore, the test space V} is given by
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Fig. 3. The inf-sup constant ;s with respect to h = ﬁ with N=21+2 4+ 1,i=1,2,-.-,8 for one dimensional uniformly distributed (UD) and perturbed
(PD) particles.
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-6 UD, MFVM, k=1, R=1.8 59sED, MEVM, k=1, R=1.8
A UD' MFVM’ k=2, R:zlz —A—PD, MFVM, k=2, R=2.2
4| +G-UD, MM, k=1, R=1.8 J[, S5 MM, ke ol
10°F A UD, MM, k=2, R=2.2 107 ~4-PD, MM, k=2, R=2.2
I3 102
EE } EE
107 £ 103 F
107 F 104F
105 F 105k
10° g = 5 10 L L
10 10 10 103 102 107

h

Fig. 4. The relative errors EE with respect to h = ﬁ with N=2*241,i=1,2,...,8 for the one-dimensional uniformly distributed (UD) (left) and

perturbed (PD) (right) particles.

Vip=span{ljg_, x:i=1,2,---,N}.

Two particle distributions are considered as follows:

e uniform distribution (UD): x; = ,{,;_11 and rj=Rh,i=1,2,---,N, where h:= ﬁ and R is a constant independent of h
and i;
e perturbed distribution (PD): x; = 1{,;_11 +0.1hej, i=2,---,N—1, x; =0, xy =1, and r; = Rh, where ¢; is a random

number produced from an uniform distribution on [—0.5, 0.5].

The inf-sup constant A;s and the relative errors (EE) of the MFVM and the MM for k = 1,2 are presented in Fig. 3 and
Fig. 4. We take R =1.8 for k=1 and R =2.2 for k =2 in the tests. We also examined different values of R and attained
similar results. It can be seen in Fig. 3 that for both the uniform and perturbed particle distributions, the inf-sup constants
have lower bounds as h becomes small. This verifies the inf-sup conditions (2.18) and (4.6). The approximation errors (EE)
in the energy norm decrease with the optimal rate O (h¥),k =1, 2, as predicted in Theorem 4.1. The direct imposition of the
EBC causes serious errors in the MM, especially for k = 2; while it works very well for the MFVM, as analyzed in Section 5.
See Fig. 4.

We next present a two-dimensional numerical experiment. Let € = (0, 1) x (0,1) and ' = §€2. Assume u(x) = e217 is
the exact solution, where x = (&, 1) is the Cartesian coordinates in R2. Then the model problem (5.1) with the EBC is

—Au=—-5e%*T inQ
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11 10°
- e pe -8—MFVM, k=1, R=1.8
—o-k=1,R=1.8, \ | ~0.9994 5 S
i —A-k=2, R=2.2, A, ~-0.8939 =G MM, k=1, R=1.8
1.05 s wde- MM, k=2, R=2.2 e
lo-l L
b B & H &
)\ 5
IS |0-2 L
095
EE
-3 L
09F , z A A 2 10
0.85 104
0.8 : L 10° L .
102 h 107" 102 h 10!

Fig. 5. The inf-sup constant ;s (left) and the relative errors EE (right) with respect to h = ﬁ with N=2+2 41, i=1,2,...,5 for two-dimensional
uniformly distributed particles.

u(x) =e*+7  onT.

We consider the particles {x;j = (§,n;),i,j=1,2,---,N} on , where & = I{,;J] nj= ,{,;711 and the weight functions
wij = w;i(§)w;(n). The trial function space Up = {¢sj : i, j=1,2,---, N} is constructed according to x;; and wj; using the
standard MLS or RKP procedures. These shape functions satisfy the polynomial reproducing property as follows:

N
Y w0 =+ ¥xeQand || =01 .k (6.3)
i,j=1
The associated Voronoi diagram consists of [&_1, & x [7i—1, 7i], i, j=1,2,---, N, where & = (& +&41), i=1,2,---N—1,

and & =&, &y =&y, and 7} = 3(j +&j31), j=1.2,---N — 1, and 7o = 11, fjn = nn Therefore, the test space Vj is given
by

Va=span{lig_, gyupjygp 1=1.2,--, N}

The one-point Gaussian rule is used in the MFVM for the cases k =1, 2; while 5 x 5-Gaussian rules are employed on each
background portion [£_1, ;] % [1j—1, ;] for the MM. The inf-sup constants A;s and the EEs of the MFVM and the MM for
k=1,2 are presented in Fig. 5. Similar to the one-dimensional results, the inf-sup constants have the lower bounds as h
decreases, and the inf-sup conditions (2.18) and (4.6) are verified. The optimal approximation errors (EE) O (h%), k=1, 2, are
shown in Fig. 5 (right) to verify the result in Theorem 4.1. The direct imposition of the EBC is applied successfully in the
MFVM, as analyzed in Section 5.

7. Conclusion

The MFVM proposed in this paper simultaneously addressed the main difficulties in the MM, the numerical integration
and imposition of the EBC. The standard Gaussian rules were proven to produce the optimal approximation errors O (h¥),
and the EBC can be imposed directly on the boundary nodes. The inf-sup conditions for the MFVM were proven in a
one-dimensional problem and verified numerically using a generalized eigenvalue problem for higher dimensions. For the
non-smooth problems, such as interface problems, the trial functions ¢; need to be constructed by including various non-
polynomial functions that mimic the non-smooth features of exact solutions. Detailed investigation in this regard will be
conducted in a forthcoming study.
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