MATHEMATICS OF COMPUTATION

Volume 86, Number 303, January 2017, Pages 49-74
http://dx.doi.org/10.1090/mcom/3101

Article electronically published on April 13, 2016

THE VVp1 STABILITY OF THE RITZ PROJECTION
ON GRADED MESHES

HENGGUANG LI

ABSTRACT. Consider the Poisson equation on a convex polygonal domain and
the finite element method of degree m > 1 associated with a family of graded
meshes for possible singular solutions. We prove the stability of the Ritz pro-
jection onto the finite element space in Wpl, 1 < p < oo. Consequently, we
obtain finite element error estimates in WI} for 1 < p < oo and in LP for
1 < p < co. The key to the analysis is the use of the “index engineering”
methodology in modified Kondrat’ev weighted spaces. We also mention pos-
sible extensions and applications of these results.

1. INTRODUCTION

Let Q C R? be a bounded convex polygonal domain. We consider the Poisson
equation with the Dirichlet boundary condition

(1.1) —Au=f inQ, u=0 on 04,

where for simplicity, we assume f is sufficiently smooth. Using continuous piece-
wise polynomials associated with a triangulation of the domain, the finite element
method approximates the solution of ([I.I]) based on a variational principle. As the
Ritz projection of u on the finite dimensional space, the finite element solution w,,
is naturally stable in the induced energy norm

lunll 1) < Cllull g (-

This stability result has been a critical ingredient in analyzing the H' approxima-
tion properties of the finite element method [8/[10]. In addition to the H' energy
norm, the finite element approximation in non-energy norms, such as Wp1 and LP,
is of particular interest and has many applications. For example, see [2/[12124] for
optimal control problems and [I3|15,[32] for non-linear problems. Unlike the anal-
ysis in H', the stability estimates in non-energy spaces are technically challenging
and usually require additional restrictions on the geometry of the mesh.

It is well known that the solution of (LI]) may possess singularities due to the
non-smoothness of the domain. Mesh grading techniques are widely used to improve
the accuracy of the finite element method approximating such singular solutions
[1,4,7,23,26]. In particular, meshes with general grading properties (Definition
2.6) have proved to be optimal in the H! norm [3,25,31]. Beyond the energy
norm, it is of both theoretical and practical importance to investigate finite element
approximations on these graded meshes in non-energy norms.
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The V[/'p1 /LP analysis has a long history and early results can be traced back to
1970s [17.28-30,33-35]. Here, we survey some relevant results in the literature. For
equation (LI)), under the assumption that the mesh is quasi-uniform, the following
stability result was announced by Rannacher and Scott [30]

lunllwie) < Cllullwi), 2<p<oo,

where u,, is the linear finite element approximation. Let h be the mesh size. Then,
assuming the regularity u € V[/p2 (Q), they further derived optimal error estimates

l[w = unllw (o) Chlullwz@) 2<p< oo,

<
<

[u = upl Lo (o) Ch?||ullwz@) 2 <p < oo

When p = 0o, the L estimate becomes [17]
lu = wnll = (@) < CH* [ hlfullwz -

Note that in addition to the constraint on the mesh, these approximation results
require sufficient smoothness of the solution u € WI?(Q) It has been difficult to
obtain such non-energy estimates without the quasi-uniformity of the mesh. In [5],
optimal error estimates in L™ were established for a 1D elliptic equation, allowing
mesh grading. In [33L34], using local analytical tools, the authors gave error bounds
in L*° for a 2D model problem, and special graded meshes were also considered to
improve the error in the maximum norm. In [2], graded meshes were developed for
the singular solution of a 2D optimal control problem, along with sharp regularity
analysis for the solution. These meshes are optimal in the L® norm. In [14] it was
shown that the Ritz projection onto the finite element space is bounded in W2, for
equation (L) on a class of graded (adaptive) meshes with specific conditions on
the mesh geometry.

In this paper, we prove the stability of the Ritz projection onto the finite element
space of degree m > 1 in V[/'p1 (Theorem B3], 1 < p < o0, on a family of graded
meshes (Definition 226]) for the model problem (II). In turn, we establish finite
element error estimates in WZ}, 1 <p<oo,and in LP, 1 < p < oo, (Corollary
E). In contrast to the local analysis in [I4], the novelty of our approach lies in
the use of the “index engineering” methodology [30] in modified Kondrat'ev spaces
(K7 [22]. The K7 space (Definition 2.3) plays an important role in our analysis
by providing needed regularity estimates for possible singular solutions. However,
the weight p in ICET vanishes on vertices of the domain, which raises concerns on
the interpolation error estimates in the ICZY" norm. The remedy is to replace the
weight p by a new function ¢ ([29]). This modification makes it possible that in the
new space, we obtain the analog (Proposition B.]) of the regularity estimate in the

i space (Proposition 2.H]), and it also gives the new function ¢ a positive lower
limit on the domain, which leads to the uniform bound for the interpolation error
in the new space (Proposition B:2). Our further analysis is then built upon these
observations.

Note that u € WPQ(Q) does not always hold for any p even on convex domains.
Therefore, mesh grading may be necessary for the finite element approximation to
achieve the optimal rate of convergence in WZ}. On the other hand, the IC%” space
has good scaling properties and describes full regularity dependence of the solution
on the data (Proposition 25). With the analysis in weighted spaces, our result
can help develop effective graded meshes in non-energy norms. In addition, for 3D
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polyhedral domains, sharp a priori estimates for anisotropic singular solutions (edge
and vertex singularities) of elliptic problems can be formulated in the 3D analog of
the weighted space ICgL [OITL27]. Therefore, we develop the analytical procedure
in this paper also in the hope of preparing technical ingredients for the non-energy
norm analysis on 3D anisotropic meshes.

The rest of the paper is organized as follows. In Section 2] we introduce the
weighted space ICg‘ and the graded mesh for singular solutions. Then, we obtain a
preliminary stability estimate in Wpl. In Section Bl we derive useful regularity and
interpolation error estimates with new weight functions. In Section [ based on
the upper bound of the integral involving different weight functions (Lemma F.T]),
we formulate two important weighted regularity estimates (Lemmas 3] and ).
These results will be used in the VVp1 stability analysis. In Section[B] using weighted
finite element analysis, we obtain the main results: the stability and approximation
estimates for the finite element solution on graded meshes in the aforementioned
non-energy norm. We end with some concluding remarks in Section [@l

Throughout the paper, by a ~ b, we mean that there are constants Cy,Cs > 0,
independent of the mesh parameter n, such that Cib < a < Csb. The generic
constant C' > 0 in our analysis below may be different at different occurrences. It
will depend on the computational domain, but not on the functions involved in the
estimates or the mesh parameter n in the finite element algorithms.

2. PRELIMINARIES

We introduce necessary notation and definitions in this section. Some prelimi-
nary estimates will also be provided.

2.1. Weighted spaces and graded meshes. For any w C 2, we use the standard
notation W;"(w) for the Sobolev spaces. Namely, for m > 0, when 1 < p < oo,

1/p 1/p
g i= | X [10moPde | o ol i= | 3 e |
lal=m ¥ k<m
when p = oo,
[v|wm () := max (ess sup{|0“v(z)|, = € w}), lvllwm () = max (Jvlwe (w)),
|a|=m k<m o0
where a = (ag,a2) € ZQZO is the multi-index and |a| = a3 + az. Note that

H™(Q) = Wi (Q) for m > 1, and L3(Q) = W2(9Q).
Let H}(Q2) € H(Q) be the subspace consisting of functions with zero trace on
Q. The variational solution u € H{ () of equation (L)) satisfies

a(u,v):/QVu~Vvdx:/vadx:(f,v), Vv € Hi(Q).

The regularity of the solution depends on the smoothness of the domain. Near
the non-smooth points on the boundary (i.e., vertices of the polygonal domain ),
u may be singular in certain Sobolev spaces even if the given data f is smooth.
These singularities raise issues on both the well-posedness of the solution and on
the effectiveness of the numerical approximation.

In particular, we recall the following useful regularity results for (II]) in Sobolev
spaces (Section 2.7 in [20]).
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Proposition 2.1. Let ¢ be the largest interior angle of . The Laplace operator
—AWP(Q) N H(Q) —» W), m >0,
defines an isomorphism, provided that the parameter p satisfies 1 < p < 1y, where

i = 00 for w/é>m+2,
{ N = m++_w/¢ for m/¢ < m+ 2.

Remark 2.2. Since Q is convex, for m = 0, ng = 2/(2 — 7/¢) > 2. Thus, by the
Sobolev embedding theorem, if f is sufficiently smooth, u € I/Vp1 (Q) for 1 < p < 0.
Proposition 2.1] also holds on non-convex polygonal domains. Therefore, when
¢ > 7, ny=2/(2—7/¢) < 2. This leads to the well-known partial reqularity in H?.
Namely, —A : H2 N H} — L? is no longer a bijection on domains with reentrant
corners.

Now, we define the weighted Sobolev space in which full regularity estimates can
be obtained on polygonal domains.

Definition 2.3 (Kondrat’ev spaces). Let v;, 1 <i <[, be the ith vertex of Q and
V := {v;} the vertex set. Let r;(x) be the distance function from x € Q2 to v;.
Let i := (p1, fto, -+ , ) be an I-dimensional vector. For a constant ¢, we denote
ctfi:=(cEtp,ct pa, -+ ,cE ). Then, we define the function

II ri@)
1<i<l
and its vector exponents
pi(@) = ] ri@) e =p¢ T rila)*#.
1<i<l 1<i<i
Then, the Kondrat’ev space is
— [lal-E 2
IC:I”(Q) = {p¥TFO% € L*(Q) for all |o| < m},
1/2 1/2

K@) = Z ||Pm7ﬁ5av\|€2(m ) HU|K:§‘(Q) = Z ‘U‘IC‘“‘(Q

la|=m la|<m

|v

Remark 2.4. Kondrat'ev-type spaces are widely used in a priori estimates for elliptic
equations. See [11][20L22][25,27] and the references therein. Note that in the
neighborhood of the vertex v;, p is equivalent to the distance function r;. Let
B(z, ) be the ball of radius r with center at z. Recall the ith vertex v; of Q. Thus,
we can choose 0 < 7 < 1 and define the neighborhood w; := B(v;, 7) N of v;, such
that w; Nw; = 0 for ¢ # j, and the distance from any x € w; to the vertex set V is
the distance r;(x) to v;.

In contrast to Proposition 2.J] we have the following full-regularity estimates in
weighted spaces [25].

Proposition 2.5. Let ¢; be the interior angle associated with the ith vertex v; and
a:=(ay,a2, - ,a;). Then, for —m/¢; < a; < 7w/¢;, if f € K21 (Q), the variational
solution of equation (1)) satisfies

Hu“;cgff(sz) S C”fH’Cam_l(Q)'
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In particular, if a; < 1, we have
[ullgmrzie) < Cllifllicz @) < Clflam@)-

Based on a priori estimates in weighted spaces, graded meshes can be used to
handle the singular solution from the non-smoothness of the domain. In this paper,
we consider graded meshes with the following general properties (see [3] and the
references therein).

Definition 2.6 (Graded meshes). Let 7, = {T;} be a triangulation of  with
shape-regular triangles, where the mesh parameter n > 0 is an integer, such that

h = max diam(7T}) ~ 27"

For a triangle T' € T,, let hr := diam(7T'). Let d = (a1, a2, -+ ,a;), 0 < a; <1, be
a vector. Recall that p is comparable to the distance function to the vertex set V.
Then, we assume that the mesh 7, is graded to each vertex v; € V in the following
way:

(2.1)

_— hpl—ai, if minmeT P(x) > O’
T~ hl/ai7 if minger P(ﬂf) =0.

Let S, C H}(Q) be the Lagrange finite element space of degree m > 1 as-
sociated with the graded triangulation 7,. Namely, S, = {v € C(Q), v|r €
P, for any triangle T € T,}, where P, is the space of polynomials of degree
m. Then, the finite element solution u,, € S,, for equation (1) is

(2.2) a(Up,vn) = (fyvn), Yo, € Sy.

Remark 2.7. The graded meshes (Definition 26) allow the change of the mesh
size based on the distance to the vertex, which is determined by the vector a.
For equation (L)), a sharp range for the vector d@ can be determined, for which
the associated graded meshes lead to the optimal convergence rate for the finite
element approximation of singular solutions in the H* norm [3,6l25]. Note that for
a; = 1, T, is quasi-uniform near the vertex v;; while for 0 < a; < 1, the mesh size
gradually decreases when approaching v;. The relation between the mesh size and
the distance to the vertex set can be quantified as follows.

Definition 2.8 (Mesh layers). Let 4d be the length of the shortest edge of Q. Recall
the distance function r; to the vertex v;. Let Qg :={z € Q, r;(z) > 2d, 1 <i <I}.

Recall @ from Definition Define the vector § = (k1, ka2, -+ , ki), such that
(2.3) Ri=2"Ye 1<i<l

Then, in the neighborhood of each vertex v; € V, based on the distance to the
vertex, we define the subsets L; ;, 0 < 7 < n, such that
d <7, < 2d; drl < rile,; < dl™' for1<j<n—1; 0< rilL,,, < dk}.
Then, we denote the jth layer L;, 0 < j < n, of the mesh 7, by
Li= | Lij
1<i<l
Clearly, L; jNL; = 0if j # k and Q = QoU(Uy<,<,, Lj). To simplify the notation,
in the text below, we also denote the specific neighborhoods of the vertex v; by

(24) Ti,j = U Li,kn 0 S] S n.

j<k<n
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Uy Uy

Vg

Uy Uy

FIGURE 1. Three consecutive graded refinements of a polygonal
domain with £ = (0.2,0.5,0.5,0.5) (left — right): 7y, the initial
triangulation; 77, the mesh after one refinement; 73, the mesh
after two refinements.

Remark 2.9. Based on Definition 2:6 and (23]), on 7, the diameter of the triangles
in Li,j is

(2.5) { hij = bl o hsl07") I for 0<j<n—1,
iy = Y% ~ g7

In addition, by Definition 28 and (Z5), since area(L; ;) ~ .7, the number of

triangles in L; ; is O(H?j/h%j) = O(2%(=7)) and the number of triangles in € is

O(h=2) = O(2"). Therefore, the total number of triangles in a graded mesh T,

(Definition 2.6)) is

o+ > 2y =02,
1<i<l, 0<j<n

Hence, the dimension of the finite element space Sy, is O(4™).

We finish this subsection by giving a simple construction of graded meshes (see
[6L25]) that satisfy the condition (2] in Definition

Example 2.10. Let 7 be a triangulation of € whose vertices include V, such
that no triangle in 7 has more than one of its vertices in V. Recall the vector
R = (K1,Ra, -, k) from 23), a R refinement of T, denoted by Z(T), is obtained
by dividing each edge AB of T in two parts as follows:

e If neither A nor B is in V, then we divide AB into two equal parts.

e Otherwise, if A is v;, we divide AB into AC and CB such that |[AC| =

/ﬂ‘AB|.

This will divide each triangle of 7 into four triangles. Given an initial triangu-
lation 7o, the associated family of graded triangulations {7; : j > 0} is defined
recursively, ;41 = R(7;). See Figure [ for an illustration of this procedure. With
a straightforward calculation, it can be shown that this construction leads to a tri-
angulation 7, with the mesh size ([2.0) in the layer L; ;, which verifies the condition

@)

2.2. Preliminary I/Vp1 analysis. We begin by introducing new functions that are
necessary for the analysis. For a graded mesh 7, recall that the dimension of the
finite element space N := dim(S,,) is O(4™). Recall the largest mesh size h = 27".
For any point z € €, let T, € 7T, be the triangle, such that z € T,, and let
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h, = diam(T}) be its diameter. If z is on the intersection of multiple triangles, we
choose one of the triangles as T,. The choice is not unique but fixed. Define the

function

(2.6) o.(x) = (|Jz — 2> + 2n2)V2, t>1.

Therefore, for any triangle T' € 7T, there is a constant C', independent of n, such
that

(2.7) 0.(z)|r > Chr and maxo)(z) < Cmino)(z),

zeT zeT

where hp is the diameter of T and A € R. The estimate o,(x)|7 > Chy can be
derived as follows. Suppose z € L;;, for 1 < j < n. Then, based on Definition
28 for any T C L;k, j—1 < k < n, h, > Chy, and therefore the estimate
holds. For any T' C L; , 0 < k < j — 2, by the definition of mesh layers, we have
|z|7 — 2| > CkF > CkF2¥=" > Chy. For T € Q\ T, (see 24) for the definition
of T; o), we have |z|r — z| > C > Chyp. The estimate thus holds for any z € L; ;,
1 <j<mn Now, for z € Q\ U1<j<n L;, h, ~ 27", Therefore, for any T € 7,
o.(x) > h, > hp. Hence, we obtain the desired estimate for any z € Q.

Let §, € C§°(T) be a function such that for m > 1 and s =0,1,---,

(2.8) / d.pdr =p(z), Vp€Pmp_1, and [[Vsd.|r=@) < Ch;%%,
Q

where V denotes the vector of all sth-order derivatives. Recall the weight function
p(x) from Definition 233l Then, we define a modified weight function associated
with the triangulation 7,

(2.9) I) = [ (3@)+n2,)"
1<i<i
where h; ,, is mesh size [2Z3) in L, ,, of the nth layer, and its vector exponents
95 (@) = [ () +h2,) 2.
1<i<l
Consequently, based on the definitions, for A € R and a multi-index «, we have
(2.10) 9% (x)| < Co27lel(@)  and  |9%9 M (a)| < CA ().

Remark 2.11. The functions o, and §, are the analogs of the weight function and the
regularized Dirac d-function defined in [30] for quasi-uniform meshes. We modified
their definitions in order to represent the local mesh size on graded triangulations.
The parameter ¢ > 1 in (24) is arbitrary but fixed in our subsequent analysis.
In Lemma .2 we will specifically choose t. We introduce the function ¢ that
resembles the distance function p in Definition 23] except on the triangles touching
the vertices of the domain. Namely,

(2.11) { I(x) ~ |z —v| ~ Kl on L ; for 0<j<n,

W) = hyp ~ K on L.

Note that ¢ does not decay to zero on the last mesh layer L,,. These are the desired
properties to carry out our analysis below.

We first give an estimate on the weight function o, defined in (2.6).
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Lemma 2.12. Recall o, (x) = (|Jx — z|? + t*h2)Y/2, h:= 27", and h, = diam(T).
Then, for z € Q and A > 0, there exists a constant C > 0, independent of n and t,
such that

(2.12) H/ = o 7 Ma)dz|| o) < ChT

Proof. Recall the mesh layer L; ; from Definition 28 Let h, be the diameter of
the triangle that contains x. We show (2.I2) in the following two cases.

Casel (z € Lijfor1<j5< n). We need to consider the situation for z € L; ,
0<k<n,and for z € Q\ T, p.

Suppose z € L;y, for 0 < k < n. Thus, by Definition and (Z3), there
are positive constants ¢, ¢, co, and ¢, independent of j, k, and n, such that
ckk2k=n < b, < kF2F7" and if § # k, the distance ka between the layers L; ;
and L; j, satisfies cyr""0F) < DIF < ¢y

We first consider the case |z — x| < hz7 which implies chk; < c1k;
Thus, if j > k, we have n — k < |logy(c1/c)], and therefore j — k < |10g2(cl/02)|.
If j < k, we have nffj > (ch/e1)2"F, and therefore by ([2.3),

j—k> ai((n — k) + logg(c’z/cl)).

This may hold only when n — &k < |logy(ch/c1)| and logy(ch/c1) < 0. These
two conditions imply k — j < |logy(ch/c1)|. Hence, if |z — x| < h, and k # j,
we have |k — j| < |logy(ch/c1)|- By @3H), he/h. =~ (2;)?~F, which leads to
C(2f€i)|10g2(05/01)‘hz < h, < C(2m)_“°g2(c/2/cl)|hz, and implies h, ~ h., since
|log,(ch/c1)| represents a constant. If k = j, it is clear that h, ~ h,. Thus, we
have shown h, ~ h, provided that |z — 2| < h,. Therefore,

min(j,k) kok—n_

h‘)\ —2-X hm 2—X —
(2.13) /|z e, ﬁoz dz<C ien, h}\hz dz < Ch™

We now consider the case |z — x| > h,. First, for z € L, ;, we have h, ~ nf?j*".
Thus,

h)\
(2.14) / =07 Mz < /
|z—x|>h,, z€L; ; h |z—z|>h., zeLiJ

For z € L; i, where k > j, we have |z — | =~ Iig and h, ~ kk2k="_ Thus,

h)\
|z—a:| 272z < Ch™.

A A
/ h— 22z < C h—zmj-‘(fzf)‘)dz
Z
|z—x|>h,, 2z€EL; i h? |z—xz|>h,, z€L; i At
(215) < Ch—kﬁfk+k)\—j)\—2j2)\(k—n) < 02—A|k—j|h—k_

For z € L; 1, where k < j, we have |z — x| ~ k¥ and h, ~ kk2F=". Thus,

hA h
/ —/\0;2 Az < O —f\ﬁ;f( =Ny
|z—x|>hz, 2z€L; 1 h |z—x|>h., z€EL; i h
(216) S Ch—kﬁ;?kﬂrk)\ kA— 2]€2)\(k n) S C2_>\|k_j|h_>\.
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Note that if z € Q\ T; o, we have |z — x| ~ 1 > h,. Therefore, by (Z13), 2.14),
2I3), and (214), we have

A A
h—ZU*27Adz = / h—§0727>‘d2

Q h#
h o
+Z/ h—iO'ZQ AdZ-'— h—§‘022 AdZ.
k<n |z—x|>h., z€L; i Q\T; 0

(2.17) <SCh M1+ 279 +1) < Ch
s<n
Case II (z € 2\ U,<,<, L;). By [.5), we have h, ~ 27" and for any z € €,

h, < Chy, where C is independent of n. Note that for |z — x| < hy, h, >~ h, >~ h.
Therefore, we have

A A A
h—x0727Adz :/ h—f\or*Q*)‘dZ—!—/ h—iofzf)‘dz

o hr 7 ls—z|<h, PN 7 lr—g|>hy P 7
(2.18) < Chih; 272 +/ |z — |72 Mz < Ch™A.
|z—z|>hy
The lemma is thus proved by (21I7) and (2I8). O

Recall that u, € S, is the finite element solution in (22]) on the graded mesh
T (Definition 2@). In order to analyze Hun||wp1(g), we introduce two functions g
and g, as follows.

Recall the function 4, in (238)). Let g € H}(Q) satisfy

(2.19) a(g,w) = (—v-Vé,,w), Ywe H}(Q),

where v is an arbitrary direction vector. Thus, g can be considered as a “derivative”
of the regularized Green’s function. Note that by the usual regularity estimate,
l9llz2 ) < Clldz|| a1 () Denote by g, € S, the finite element approximation of g,
such that

(2.20) a(gn,w) = (—v -V, w), YweS,.

Recall that for a point z € Q, we let T, € 7, be the triangle containing z
and h, = diam(7,). Thus, we obtain an estimate concerning the upper bound of
[VunllLe)-

Lemma 2.13. Recall h := 2" and h, := diam(T},) for z € Q. Define

h 242 2 1
M = ma ([ 50 Vg = gu) ).
For 2 <p<oo and A >0, we have

(2.21) ||VUnHLP(Q) < C||Vu||[,p(g)(1 + hiéM),

where C is independent of n and t, and t > 1 is from (2.0]).

Proof. Note that by (2.8), (Z19), and (Z20), we have

v-Vun(z) = (v-Vup,0,) = (—v-Vi,,uy) = (Vg, Vuy,)
= (Vg, V(u, — u)) + (Vg,Vu)
(2.22) = (v -Vu,0.) — (V(9— gn), Vu).
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We first derive the result ([227]) for p = co. By (2.8) and Holder’s inequality, we
have

(2.23) (v-Vu,d,) = / d.v - Vudr < C||Vul[ (),
Q
and by Holder’s inequality and (Z.6]),

(V(g = gn), Vu) = /QV(g — gn) - Vudx

]’L}\ 1 hk 3
S(/ s IV = ga)Pda) (| 5507 VulPd)

wl»a

(2.24) < M| Vul| =0 /—a 2-Xdz)? < Ch™3 M| V|| (o).

Then, the case for p = oo is proved by combining (222)), [223)), and [224)).
For 2 < p < 00, using Holder’s inequality and (2.8)), the first term in ([2:22) leads

to
P
/( 5.0 - Vuda)Pdz < o/ IVl . )(/ 67T dayr ] dz
a Ja T,
(2:25) <C [ W2l 2 < OVl
For the second term in ([2.22]), by Holder’s inequality,

/ ([ V(g —gn)- Vudzr)’dz
o Ja

h 2 B P
(2.26) S/ (/ h/\ o2t MV (g — gn)? d:z: 2 /h/\ 072 Vuf? d$)2

Using Holder’s inequality, we have

>‘ p—2

h’\ o 27N Vul2de < ( /—072 A\VulPdx) %/EU;Q Adx)

-p h 2
(2:27) < O 7 o o A VulPda) .

Then, by (222)), (228, Minkowski’s inequality, (220, 227), Fubini’s Theorem,
and (212), we have

V| Leo) <

VR

102+ Dt 82) s + (Vg = g0): V)l ey )
A
(||Vu||Lp<Q)+[/MP(/ Zk o7 M Vultde) b ] )

A 22 h’\ —2-) p 1/p
C ||vu||Lp(Q h ) P M[ ( ﬁ()’z dZ)|V’U,‘ dl‘]

< IVl + ()5 MVl [ 1502212 )
(2.28) < C||Vul ooy (1 +h™ 3 M),

Thus, (Z22)-@24) and [22])) together complete the proof of [221]). O
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Remark 2.14. Based on Lemma 213 in order to show ||Vuy,||z»(0) < C||Vull1r (),
it suffices to prove

h* 1 A
@20) M= max(([ T5oPPIVe - g)Pdo)) < Cnd,
4

for appropriately chosen A > 0. The parameter A for now is arbitrary but fixed. Due
to the local behavior of §, in [2I9) and (Z20)), motivated by [30], we introduced o,
to cancel the mesh-dependent singularity in the regularized Green’s function. The
subsequent sections are dedicated to obtain the estimate in ([2:29) through analysis
in weighted spaces.

3. REGULARITY AND INTERPOLATION ANALYSIS

From now on, we start to develop analytical tools for (Z29]). In this section, we
establish the analog of the full-regularity result (Proposition 23] in spaces with a
new weight, and in turn give interpolation error estimates in the new space.

We first derive new regularity estimates in norms involving the weight function

9 defined in (2.9).

Proposition 3.1. Let v € H}(Q) N H*(Q). Recall @ from Definition with
0 < a; <1. Then, we have

> /1923—2—25|v5v|2dx < c/ 9272 | Av2da.
Q Q

0<s<2

Proof. Recall L,, in Definition 2.8 Let Q. :=Q\ L,,. We first have

/ 19237272a|v3’0|2d£€
0<s<2 /8

(3.1) =Y /Q 92V o dr + Y Z/L 9220V P da.

0<s<2 0<s<21<i<l ¥ Lin

Note p(z) < ¥(z) on Q and ¥(x) < Cp(z) on .. Note that the weighted regularity
estimate in Proposition holds for any 0 < a; < 1 on the convex domain §2.
In addition, by (2Z3)) and Definition 28] for s = 0,1, because p < 9 on L;,, and
2s — 2 — 2a; < 0, we have 9272728 < Cp?$=272d o [, ,,. Thus, by the definition
of the weighted space ICE” and Proposition 2.5 we have

Z / 19257272E|vsv|2dx + Z Z / §2572726|vsv|2d$
Q. Lin

0<s<2 0<s<11<i<l
< Z / 92522227 4 2dg + C Z Z/ P22y 20,
0<s<2 Ve 0<s<11<i<i”Lin
< ClolZs, (o) < CllAvIEe (o)

(3.2) :C/ p2_2a|Av\2dx§C/192_26\Av|2dm.
Q Q
Then, it remains to show the upper bound of the second term in [BI]) for the

case s = 2. Recall the constant 7 and the neighborhood w; from Remark 2.4l Let
xi(x) € C®(N) be a partition of unity of Q, such that for 1 < i <1, y;(z) =1
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if ri(z) < 7/2 and x;(z) = 0 if ri(z) > 75 xo(z) == 1 =32, Xi(x). Then
v e HH Q)N H?(Q) implies x;v € HE (w;) N H*(w;) and

> / 9> VyoPde < C Y hf;ﬁai/ Vou|?da
Lin i

1<i<l 1<i<l Lin
<C 3" P Vo) Pde < €30 R3[| A(w)Pde
1<i<i Wi 1<i<li wi
<C YRR A+ Vol + [uPda
1<i<l wi
(3.3) <y / 922 (| Av[? + |Vo|? + [o]?)da,
1<4i<] Y Wi

where we used the fact that for any w € H (w;)NH?(w;), |w] m2(w;) < CllAW]| 12w
[I6,19]. Recall 0 < a; < 1. Then, by the definition of w;, Proposition 25l and the
fact that 9 < C, we have

> / PV + [o)de < C Y Y / 937272V )2 da

1<i<l 0<s<1 1<i<l
(3.4) < OlvllRz () < c/ 92724 Av|2da.
a+1 Q
Combining (310), 2), B3), and (B4), we complete the proof. O

We are ready to obtain interpolation error estimates in new weighted norms that
are needed in subsequent analysis. Recall N ~ 4" is the dimension of the finite
element space S,,.

Proposition 3.2. For v e H?(Q), let v; € S,, be its nodal interpolation associated
with the triangulation T,. Recall d from Definition 2.6l Then, for A € R,

(3.5) / AV (v — o) Pda < czv-l/ 22N G- Ty 2, s =0, 1,
Q Q

Proof. For any triangle T" € T,, let hp be its diameter. In the case T C L, j,
0 < j <n, by II), we have J(z) ~ £/, for any = € T. Recall hy ~ k277" from

@3). Then, by [21) and ([23), we have
/ oMV (v —vp)Pde < maxoi‘(x)/ V(v —vr)Pdz
T z€T T
< Chy % mea%(a;\(m)/ |Vov|?dz < Chy2* minoi‘(x)/ |Vav|2dz
T T zeT T
SCh4T_25/ o) ()| VauPde < 055(4725)2(%")(4*25)/ o) (x)|Vav|2da
T T
SCNfl/(5523‘)(2*25)2*”(2725)0?\0175V2v|2d33
T
36) < CN*/ W22 A9 =0T P da < CN*/ i U vATIILY A1)
T T
In the case T' C Qp = Q\ U, Ti,0, we can follow the same estimates above by

replacing x; with 1/2 and noting that 1 is comparable to a constant. Therefore, we
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have
/ oM V(v —vp)2dz < C’N_l/ h¥725)02|191_dV2v|2dx
T T
(3.7) gCN—l/ Rl [T A B
T

The proof follows by adding up the estimates in ([B.6]) and B1) over all the triangles.
([l

Remark 3.3. With a convex domain €, the solution of equation (LIl satisfies
lullgz(o) < C|If|lL2(). Therefore, it is reasonable to assume v € H?(£2) in Proposi-
tionsBIland B2l Using the new weight function 1, we both recovered the regularity
result in Proposition [Z5] for m = 0 (Proposition BI) and obtained a uniform upper
bound for the interpolation error (Proposition B2l). The interpolation error esti-
mate, however, is not obvious in the weighted space ICE1 (i.e., replacing ¥ by p in
B3)). This is the motivation for us to introduce ¥, instead of working with the
norm involving p.

4. MORE REGULARITY ESTIMATES

Recall weight functions o,(x) and 9(z) in (26) and (29), respectively. In this
section, we derive useful estimates involving these functions. In particular, we
obtain important regularity results in Lemmas [£.3] and (4]

4.1. A weighted result. Recall N = dim(S,,) ~ 4™. We first derive the upper
bound of an integral that will frequently appear in the analysis.

Lemma 4.1. For any point z € ), suppose z € T, € T,,, where T, is the triangle
that contains z chosen as in [28). Let @ be from Definition with0 < a; < 1. Let
Gmin = Minj<;<(a;). For0 <|\| < 2anin, choose ¢ > 1, such that ¢(2amin—A) >2.
Let h, = diam(T,). Then, for n sufficiently large,

/(Jz—z+>\192—2d‘)qu < Ch3+>\qu,
Q

where C' is independent of n and t.

Proof. Case I (T, C L;j, 1 < j < n). Recall from @II), ¥ ~ k¥ on L;y,
0 <k <n. Define B, :={x € Q: |z—2a| <th,, Vo’ € T.} N Q. Recall T, ;
from Definition 2.8 Thus, for n sufficiently large, B, C T;o. We establish the
estimates on the sets Ry := (T 0\ B.) N (U, _1<p<p Lik), Ro:=Tio\ (B:UR:) =
(Ti,O \ Bz) n (U0§k§j72 Li,k)7 B, and Q \ Ti,0~

In Ry, by (29) and the definition of 7, (Definition 2.6]),
(4.1) 0. (2) 2(2)* 2 < Co, (x) "2 R] P2,
OnL;p 0<k<j—2,

(4.2) 0. (2) M (2)? 72 < Co(2) PR,

(4.3) (—24+XNg=—-(2-X)¢ < —(2amin — A\)g < —2.

The conditions 0 < |A| < 2amin < 2 and ¢(2amin — A) > 2 imply
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If the ith vertex v; ¢ B, then for any = € B,, J(x) < Cng. Therefore, by (23]
and (23),

/ (0_;2+>\19272&‘)qu < C/ (t72+,\h;2+,\ﬁg(272ai))qu < C(t*”’\h?N)qtzhz
B, B. < Ct272q+Aqh§+Aqu.
If v; € B,, then for x € B,, ¥(z) < Cth,. Therefore, by (Z5) and (Z3]), we have
/ (0229221 < C/ (1= 2HAR T2 () (22000 )a gy

B, B.

< C(tk—2aihi\—2ai)qt2h§ < C22q(1—ai)(j—n)t2—2aiq+)\qh§+)\qu
2—2a;q+Aq 1,2+
< 2 2uatrapZN N,

Combining these cases, we have a uniform upper bound on B,,

(4.4) / (o7 2PA 92 20)a gy < Of2—2matAap2+ 2 Na,
B

Note that o, = O(1) and ¥ < C on 2\ T;o. Then, by (@1)), (£2), 3), 5,
#4), and [3), we first have

‘/Q(U;2+)\’l92726)qu:/3 (0,;2+)\192725)qu+/ (0,;2+)\192725)qu

+Z/L 1

OSij,Q i,kaQ

Sc<t2f2aiq+Ath+>\qu+/R (n3(2_2ai)a;2+)‘)qd$
1

[ e e )
0<k<j—2 L; xNR2

(U;2+A192725)qu+/ (U;2+)\19272&')qu
Q\Ti,o

< C(t272aiq+>\qh§+)\qu n H;}j(2—2ai)(thz)27q(27)\)
qk(2—2a;) _k(2—2q+Xq)
+ Ogg_z (Hi K; ) + 1)
(4.5) < C(t272ai‘I+)\Qh§+)\QN(I +t2+)\q72qh§+>\qu + Z Hf(2+)\q72aiq) 1),
0<k<j—2
Note that by ([2.3) and 23)),
t2+>\q—2qh§+>\qu ~ t2+/\q—2q,{g(2+>\q)Q(J‘—n)(2+/\Q)22nq

t2+)\q72q2(2q727)\q)n7(ai_171)(2+)\q)j'
If \¢ > —2, by ([@3), we have
£2+X4—299(2¢—2-Ag)n—(a; ' —1)(2+Xq)j > C2Hra—249(2q—a; ' (2+2q))n > 1,

given that n is sufficiently large. If A\g < —2, for a sufficiently large n, by ([@3]), we
have

2+ 2a—2a9(2a=2=A)n—(a; ' =1)(24+A0)j > 1,
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STABILITY ANALYSIS ON GRADED MESHES 63
Therefore, under the conditions 0 < |A| < 2amin < 2, ¢(2amin — A) > 2, and n
sufficiently large, we have
(4.6) A2 p 2P NG >
Now for the term 7 o o ppHAam209) 5 @), by @3) and @),
K@(2+Aq72aiq) < C«h§+)\qu2—a;1k(2+)\q)+2kq2a;lj(2+)\q)2(n—j)(2+)\q)2—2nq

K2

Cthr)\quQ(ai_lf1)(j—k)(2+)\q)f(2q727)\q)(nfk).

IN

2((1;171)(j—k)(2+)\q)7(2q727)\q)(n7k) < 2(2a’;1+a;1)\q72q)(n7k) — 251(16777.)’
where ¢; = 2q — 2a;1 — a;l)\q > 0. If A\g < =2, by (@&3)),
9(a; =D (=k)(2420)=(24=2=2q) (n—k) < gea(k—n)
where ¢ = 2¢ — 2 — A\¢ > 0. Let ¢ = min(¢y, ¢2). Therefore,
(47) Kf(z""/\q_zaiQ) < C2E(k7n)h§+)\qu'
Note that by [@3)), the exponents of ¢ in (L), 2—2a;q+ Ag < 0 and 2+ A g—2q < 0.
Thus, by @5), [&0), and @), for z € T, C L; 5, 1 < j < n, we have
/(0;2—A192—26)qu < O(R 22N | PN 2020 g
Q
(4.8) n Z Kf(2+/\q—2aiq) + t2+)\q—2qh3+/\qu) < Ch§+’\qu.
0<h<j—2

Case II (T C 2\ (U;<j<n Li,j)). Recall 7 from Remark 241 For n sufficiently
large, we can pick a constant ¢ > 1, such that in the region Ry = {z € Q, 0. (z) <
7/c}, 9272(z) = O(1); in Q\ Rs, 0.(z) = O(1). Recall that in this case, h? ~
272" ~ N1 Thus, we have

/(0’;2+>\192_25)qd1':/ (02—2+/\,l92—2d')qu_’_/ (0’;2+>\'l92_2d)qd1’
Q B, R3\B.

+/ (U;2+)\19272&)qd1’
Q\Rg

< C((t’”’\h;”’\)qtzhﬁ +/ (072 dx + 1)

R>\B.
2—2q+Aqp2—2q+Aq 2—2q+Aq 2—-2q+Aqp2+Ag £\ g
(4.9) <ot h2 + (ths) +1) <ot RN,
The proof is complete by combining (£J) and (@3]). O

Remark 4.2. Lemma (1] holds regardless of the sign of \. For A < 0, we shall
use a convenient form of this estimate. Namely, let A’ = —X > 0. Then, for
0 < X < 2amin, ¢(2amin + ') > 2, and n sufficiently large,

(4.10) / (072N 9?20y < CR2 NN,
Q
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4.2. Intermediate regularity estimates. We derive two important weighted
regularity results for further analysis. Recall N := dim(S,) ~ 4™ and the pa-
rameter 7,, in Proposition 2.1l

Lemma 4.3. Recall that z € T,, @, and anin from Lemma EIl Let 0 < X <
min(2amin, 2 — 4/m0). Choose ¢ > 1 such that ¢(2amin + A) > 2 and A\g < 2. Let
v € HE () be a function such that Av € HY(Q). Then, for n sufficiently large, we
have

/ o 2 M9 IV e < Ct’\72q71N/ o2V Av|?dz.

Q Q

Proof. Let p > 1 be such that 1/p+ 1/g = 1. Then, by Holder’s inequality

(4.11) /0;2_’\|191_5V2v|2dx < (/(0;2—M92-25)de)1/q||v2v||iz,,(ﬂ).
Q Q

Note that A\g < 2 implies p > 2/(2 — A). Then, by (£II), (@I0), Proposition 1]
and the Sobolev embedding theorem, we have

/ o 7MYV |2 de < CNh§Q’1—A||v2u||iQ,,(Q)
Q

(4.12) < ONRZT M Avlf2 oy ) < CNR2T VAV 404200 )

where we needed 2p < ng to be able to use Proposition 21l Note that A < 2—4/nq
implies 2/(2 — A\) < 19/2. Therefore, there is an open interval (2/(2 — X),70/2) in
which p can be chosen in order to obtain ({12)). Let s = (14+p)/pand 1/s+1/s" = 1.
Note that by Holder’s inequality and p > 2/(2 — A),

2 s
IVAVIZ ) = /Q IV A2/ dx

< (/ U?iA‘VA’U‘zdl')l/s(/ 0’2)\72)Sl/sd{£)1/8/
Q Q

< C(/ o_g)\—2)/(s—1)dx)(s—1)/s(/ JE—X|VAU|2dx)1/s
Q Q
(4.13) < C(thz)S”(A—?“p”)(/ o2V Av|Pdx)'/*.
Q

Combining (£11]), (@12), and @.I3]), we have
/ 02727)‘|19176V20|2dx < Ctkaq_lN/ 0'37)‘|VAU|2d£E,
Q Q
which completes the proof. O

We also need the following lemma.

Lemma 4.4. Recall @ and apin from Lemma Bl Let f € HE(Q) and v be a
direction vector. Let v € HE(Q) be the solution of

(4.14) a(v,w) = (—v-Vfw), Ywe€ H Q).
For 0 < A < min(2amin, 2 — 4/n0), choose ¢ > 1, such that ¢(2amin — A) > 2. Then,

/02+A|191_5V2v|2dx < C(/ 03+A|§1_5Vf|2dx+t_’\_%N/ J§+’\|f|2dx).
Q Q Q
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Proof. Recall 0 < a; < 1. The usual regularity estimate [I6,[19] for equation (ZI4])
gives v € Hi(Q) N H%(Q). Then, by the triangle inequality, the regularity estimate
in Proposition Bl (ZI0), and @I4), we first have
/ o2 M9V 0)2de < C’(/ 192725|V2(0;+%v)\2dx
Q Q
-|-/ 9272852 V|2 da —|—/ 19272602‘721)2(&)
Q Q
< C’(/ 9272852 Av P da —l—/ 927202 V|2 dx —l—/ 19272502‘*21)2dx>
Q Q Q
(4.15) < c(/ P22 G2EA|y, Vf|2dx+/ 192*2%;|w2dx+/ 192*2%3*%%).
Q Q Q
For the second term in (@IH), by (@I4), 2I0), and Holder’s inequality, we have
/19272502‘|Vv|2d:1: = / Vo - V(9?2002 v)d
Q Q
—/ ooV - V(922 dg — / 9272V - V(o)) dx
Q Q
< / 9225 (v - V f)dx
Q
+( / 9> 2052 |V |2d) % ( / 9P 20X |V (9272) 20 der) 2
Q Q
+( / 9?25 ) Vol Pda) 7 ( / 9252202 dg) 3
Q Q
Thus, using Holder’s inequality and Young’s inequality, for ¢ > 0 small, we have
/ 9272052 Vo 2de < C’(/ 0¥ 2G5y f2de + 26/ 922352 Vol 2 da
Q Q Q
—1—671/ 922852202 dy + 671/ 19267202|V(192725)|2v2dx).
Q Q
Therefore, we have
/192*2%;|W|2dx < c(/ 9> 252Ny VP da
Q Q

(4.16) + / 922N =202y 4 / 1926-2a§|vw2-26)\%2dx).
Q Q

In addition, by (2I0), Holder’s inequality and Young’s inequality, we have for e
small,

/1925—202‘\V(192_2&)\2v2d$ < C’/ 9252 dx
Q Q
< C(/ 19—2—2%3“1;%:)%(/ 192_260;\_2112(137)%
Q Q
(4.17) < 0(62/ 19_2_26034')‘1126[96—1—6_2/ 192_2602‘_2112@:).
Q Q
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A
Using the regularity estimate in Proposition 3] for (U;+ 2v), ([@I4), and 2I0), we
have

62/ ﬁ*2*25(gi+%v)2dx < Cez(/ 92206200, f2de

Q Q

(4.18) +/ 192‘2%;\|Vv\2dx+/ 927200222 dy).
Q Q

Therefore, for e sufficiently small, by (Z18), @I7), and @IF)),
(4.19) / 927252 V|2 de < C'(/ 922852y f 2 da —|—/ 19272502‘72v2d3:).
Q Q Q

Hence, by (@I3) and (£19),
(4.20) / U§+’\|191_6V21)|2da:§0( / 9?2062 .V f P da+ / ﬂ2—2da§—2v2dx).
Q Q Q

Let p > 1 be such that 1/¢ +1/p = 1. By Holder’s inequality and Lemma [4.1] we
have

/192_260'2\_2’0265!@ S (/(192_260'2_2)qu)1/q||7)||%2p(g)
Q Q
(4.21) < Chi/qHNHUH%%(Q)'
Let y € H{ () be the solution of
—Ay = sign(v)|v|*P~L.

Let s =2p/(p+1) and s’ = 2p/(p — 1). Then, by Holder’s inequality, the Sobolev
embedding theorem, and Proposition 2.1l we have

2
[0l = (V3,V0) = (£,0- V) < [|F eIVl 1o o)
< Clfle@lvlwz, ., @ < CI @ v o)

2p—1
Cllf lps @ vl 750 )

provided that 2p/(2p — 1) < 19. Note that the condition ¢(2amin — A) > 2 implies
s < 4/(4—2amin+); the condition 2p/(2p—1) < 1o implies that s > 210 /(310—2).
Since g > 2 on 2 and A < 2ap,;,, there is an open interval from which s can be
chosen to have the estimates above. Therefore, by Holder’s inequality,

1 2s
L) < (/ U§+>\|f|2d$)2(/ 0;(2+)\)S/(2_8)d$) 25
Q Q

4-4s5- s 2N 412 1 _a_1 2N £12 i

(4.22) < C(th,) 2 (| o2 fIPdz)® = C(th.) 2" ( | o™ f|?dx)>.
Q Q
Combining (£20)-@.22]), we complete the proof
/gjﬂmﬁvzm?dx < C(/ 192*2%3+*|Vf|2dx+t—*%1v/ a§“|f|2dx).
Q Q Q

[vllz20 @) < C| f]

O

Remark 4.5. The key to the development of the regularity estimates in Lemmas
43l and [£4] is the exploration of the intrinsic connection between the modified
Kondrat’ev weight function 1 and the geometry of the graded mesh. This provides
the technical results needed for the stability analysis in the next section.
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5. STABILITY ANALYSIS

Our primary goal in this paper is to establish the stability result Hun”Wpl(Q) <
Cllullwy(a) (Theorem R3] for equation (LLI), where uy, € Sy is the finite element

solution in (2:2)) on the graded mesh 7,, (Definition 2.6]).
As discussed in Remark 214 it is important to obtain an upper bound for

M = mas ([ 5021900~ gn) ).

We first have the approximation result below.

Lemma 5.1. Let g and g, be defined in [Z19) and 220). For A > 0 and t > 1,
we have

[ o219 - gu)Pds
Q
<C( [ 2RIV —gnPde+ [ Mg —grPdo+ [ adg— g)da).
Q Q Q

where g; € Sy, is the nodal interpolation of g.

Proof. Define ¢ := 02**(gr — g,,). Let 17 € S,, be the nodal interpolation of 1. By
[20), Holder’s inequality and Young’s inequality, we have

/ 2N V(g — gn)lPde = / V(g — gn) - (62 (g - g1) + Vi) da
Q Q
< / V(g9 — gn)l|o2"*V (g — g1)|dx + / V(g —gn) V(¥ —1r)d
Q Q
< / 2N V(g — gu)lPda)Y2( / PNV (g - g1)Pda) 2
Q Q
o / V(g — gu)Pda)V2( / oMV — o) Pda)
Q Q

(5.1) <o / NV (g — gr) e + / oMV — o) Pde)
1
45 [ AV - ga) P
Q

Let T € 7, be a triangle and hy = diam(7). Then, on T, by (Z7), the usual
interpolation error estimate, the definition of v, (Z10), and the inverse inequality,
we have

[ o9 = inPde <m0z @) [ 190~ v

< Cmipo* A [ [Vosatfdo < O0" [ 0739 a0Pde
T T T

<Cc > h2m/ o2 72m=9) |V (g — gn)|2dx

0<s<m

<c Z h2m 28/ 2*2(m*5)|gj—gn|2d£€ < O/ 0’?|gj—gn|2dll?-
T

0<s<m
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Therefore,
[o V@ voPde = Y [ 029w - v
Q TeT, /T
(5.2) < C/ oMgr — gnl?de.
Q

By (BI) and (&2]), we have
/ o2 AV (g — gn)dz < C(/ o2tV (g — gr)Pd +/ o2(g1 — gn)*de)
Q Q Q
<( [ VG- gl [ g —grtde+ [ o ga)d)
Q Q Q
This completes the proof. O

Now, we analyze the integral [, 02 (g — gn)?dz from the last lemma.

Lemma 5.2. Let 0 < A < min(2amin, 2 —4/m0). For any € > 0, there exists t > 1,
such that for n sufficiently large,

/ﬂ g — gn)2dz < ¢ / NV (g — gu)|Pda.

Proof. Let v € H}(2) be the solution of —Av = ¢2(g — gn). Then, choosing ¢ as
in Lemma 3] by Lemma A3 and ([ZI0]), we have

(5.3) /o;Q*AIﬂI*aVQUIde < Cth_lN(/ o2 AV (g—gn) > +02 (9—gn)*dz).
Q Q
Using Holder’s inequality, Proposition B2l Young’s inequality, and (5.3]), we have
[ 20 -gupde = [ V(=) g - gt
Q Q
1 1
< ([ o2 A=) ([ o2 V(g - gu) o)’
Q Q
< CN*%(/ U;Q*Awl*ﬁvgvﬁd:ﬂ)%(/ oAV (g — ga)[2dz)
Q Q
<CeINT! / o M9 V|2 da + %/ o2 V(g — gn)|2dx
Q Q
<Co 2 ([ 2RI - gu) + 02— g da)
Q
+5 [ AV - ga) P,
2 Q

Recall from Lemma 3l that Aqg < 2. Therefore, A —2¢~! < 0. Thus, we can choose
t large enough, such that

/Q g — gn)2da < € /Q 2NV (g — go) P,

which completes the proof. (Il
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We are ready to obtain the stability result for 2 < p < oco.
Lemma 5.3. For 2 <p < oo and n sufficiently large, we have
Vun e ) < ClIVullLr ),
where C is independent of n.

Proof. Recall M = max.cq ((fo 2 Y oAV (g — gn)|?dx)?) from Lemma 213 Let

0 < A < min(2amin, 2—4/n0). Choose q > 1 such that ¢(2amin —A) > 2. By Lemma
B, Lemma 5.2, Proposition B.2] and Lemma [£4] we have

[ o2l - e < O ([ o290 - )+ 20 - 1)
+02 (g — gn)’dx)

h)\ 24\ 2 by 2

<O ( [ P - g + 02 - ar))

z

A -
SCN_lm/Uz"')‘Wl_aVQQ‘Zd;E
z JQ
hA

(5.4) <C(N! %

3 R
[ o2 a2 [ s ),
Q

z

Recall L; ; from Definition 28 If T, € L, ;, for 0 < j < n, since ¥ ~~ /@{ on T, by
£, @3), and (@3, we have

-1 h 24\ 9l—a 2 —A—2¢71 h A+2 2
N AL [0 74V, |“dr + ¢ L |6,]%dx
Q z JQ

< CRM(N"'h; 2] 720 1)
(5.5) < ChMN27 222 2% 4 1) < ChX,
T, € Qo =Q\(U;Tio), 97, =O(1) and h, ~27". Then, we similarly have

-1 h 24| 91—a 2 —A—2¢! h A+2)5 |2

N7 — [ o™ 7OV, |de +t T — [ o770, dx
h? Q h Q

(5.6) < ChMN'h;2+1) <O

Then, by Lemma ZT3] (54), (55), and (58), we have for 2 < p < oo,

_A LA
[Vun|lLe ) < ClIVullLe@)(1+h"2h2) < C||Vul 1o ().

z

It remains to show the lemma for p = 2. This is the case by
HVUHH%PQ) = (Vuna vun) = (Vuvvun) < Hvun||L2(Q)HVUHL2(Q)
Thus, the proof is completed. (|

To extend the stability result in Lemma [5.3] to the full W, (€2)-norm of u,, we
first need an upper bound for the finite element solution in LP(£2).

Lemma 5.4. For 1 <p < oo and n sufficiently large, we have

lunllLe @) < Cllullwy (o)
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Proof. For p > 2, the result follows from the Poincaré inequality and Lemma [5.3]
We now show the proof for 1 < p < 2.
Let w € H{ () be the solution of

—Aw = sign(uy,)|u,|P~t  in Q,

and w, € S, be its finite element solution. Let ¢ > 2, such that 1/p+1/g = 1. Let
1/r = 1/g+ 1/2, and therefore 1 < r < 2. Then, by Hoélder’s inequality, Lemma
B3] the Sobolev embedding theorem, and Proposition 2.1

”un”ip(g) = (Vuna Vw) = (Vun, an) = (Vu, an)

< IVl pe @) [IVwn | Loy < ClIVull ey [Vwl| Laa)
< COlVulloooyllwllwz @) < ClIVullLe @ llun P~ )
< ClVull o llfunl” M Lo) = ClIVUll Lo lunlTs i)
The lemma is hence proved. O

Thus, we have the main stability result for the finite element solution w, € S,
of equation (II]) on the graded mesh T,.

Theorem 5.5. For 1 < p < oo and n sufficiently large, we have
[unllwi o) < Cllullwi),
where C is independent of n.

Proof. Using Lemma [53] and Lemma [E4] we obtain the expected estimate for
2 < p < 00. Therefore, it suffices to prove the case 1 < p < 2. By Theorem 4.32 in
27], Lemma 5.3, and Lemma 5.4, for 1/p+1/g =1 and any 0 # v € {v € W} (Q) :
v|oq = 0}, we have

a(un,v) a(u ,v>
[unllwi@) < C(Supi‘l At unl L)) = C(SUP S +HU7L||L:D(Q))
ol Tollw;
a(u, v,
- c(sup—|v(|| L 4 unllooiey) < Cllullwaco,

where v,, € S, is the finite element approximation of v. This completes the proof.
O

As a direct consequence of Theorem [B.5] we derive the following approximation
property for the finite element solution in non-energy norms.

Corollary 5.6. For 1 <p < oo and n sufficiently large, we have
(5.7) lu = unllwy @) < € mf flu—vlwy.

For1 <p<oo,let q=p/(p—1). Forue LP(Q), let w e W;(Q) N {w|aq = 0} be
the solution of

(5.8) —Aw = sign(u — up)|u — u, [P~ in Q.
Then,
(5.9) lu = unllfnq) < C(vlllelgn [l =1 [lwz o)) ( Ujggn [w —va|lwi(g))-
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Proof. (5.7 is a direct consequence of Theorem For any v € Sy,
[ = unllwi) < llu—vlwi@) + lv = unllwi) < Cllu = vllwio)-

To show (5.9), we first verify the solution of (B.8) w € W, () for any 1 < p < co.
For p > 2, 1 < ¢ < 2. Therefore, by Proposition 2.1],

_ —1
lwllwi ) < llwllwz@) < Clllu—unP"H L) = Cllu = un 750

For 1 < p <2 /let 1 <r < 2 besuch that 1/r = 1/q + 1/2. Using the Sobolev
embedding theorem, Proposition 2.1l and Holder’s inequality,

lwllwiy < llwllwz@) < Clllu = unP™ | 1re)

IN

_ —1
Clllu = un ] ace) = Cllu = unll35

Therefore, w € qu(Q) for 1 < p < co. Then, for any vi,vy € Sy, (B3] follows
immediately from (E8) and (G7):

[le — un||’£p(m = a(w,u — uy) = alw — va,u — uy)
< [lw=va2llwro)llu — unllwi ) < Cllw — va[lwao)llu — villwi(a)-
O

Remark 5.7. Corollary concerns the approximation property of the finite ele-
ment solution in the spaces W, (1 < p < 00) and in L? (1 < p < o). Using the
weighted technique in (modified) Kondrat’ev spaces, we expect these approxima-
tion results will help develop specific graded meshes that lead to optimal rate of
convergence in these non-energy norms. See [3L[4][6,23,25BT] and the references
therein for the design of optimal graded meshes in energy norms. Note that the
estimate in L° needs further effort, partially due to the lack of regularity in the
L' space. We refer to [2] for an L™ error estimate on graded meshes.

6. CONCLUDING REMARKS

In this paper, we developed analytical tools in weighted spaces and proved the
stability result

(6.1) lunllwi@) < Cllullwi),  1<p<oo,

for the finite element approximation of the model problem (1) on a family of
graded meshes. This further led to the error analysis (Corollary B.6]) in non-energy
norms. To obtain the resu, we introduced a new weight function to replace the
conventional weight in the Kondrat’ev space. This modified weighted space offers
not only needed regularity results, but also good approximation properties for the
finite element analysis. The intrinsic connection between the new weight and the
mesh grading property was studied in detail and played a key role in the analysis.
The stability result in (6.1]) excludes the case for W}, because the duality argument
in the proof of Theorem does not hold for p = 1.

The result in this paper has several foreseeable important extensions for finite
element approximations of elliptic problems. With the interpolation error estimates
in [I8] for functions of p* type and the stability estimate (G.I), we expect the
development of optimal 2D graded meshes in non-energy norms. Our weighted
analysis extends to 3D convex polyhedral domains with isotropic graded meshes
for vertex singularities, which we shall include in an forthcoming paper. We also
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72 HENGGUANG LI

expect our work will lead to new ideas for stability analysis on 3D anisotropic
meshes.

Note that the WZ} stability on non-convex domains is still an open problem; it has
been difficult due to the lack of regularity in Sobolev norms. We hope the weighted
analysis developed in this paper can be helpful to motivate new techniques in this
direction.
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