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A B S T R A C T

The machine learning (ML) methods have been applied to numerical solutions to partial
differential equations (PDEs) in recent years and achieved great success in PDEs with smooth so-
lutions and in high dimensional PDEs. However, it is still challenging to develop high-precision
ML solvers for PDEs with non-smooth solutions. The linear elastic fracture mechanics equation
is a typical non-smooth problem, where the solution is discontinuous along with the crack face
and has the radial singularity around the crack front. The general ML methods for the linear
elastic fracture mechanics can achieve a relative error for displacements, about 10−3. To improve
the accuracy, we analyze and extract the singular factors from the asymptotic expansions
of solutions of the crack problem, such that the solution can be expressed by the singular
factor multiplied by other smooth components. Then the general ML methods are enriched
(multiplied) by the singular factor and used in a physics-informed neural network formulation.
The new method is referred to as the extended physics-informed ML method, which improves
the approximation significantly. We consider two typical ML methods, fully connected neural
networks and extreme learning machine, where the extended physics-informed ML based on
the extreme learning machine (XPIELM) achieves the relative errors about 10−12. We also study
the stress intensity factor based on the XPIELM, and significantly improve the approximation
of the stress intensity factor. The proposed XPIELM is applied to a two-dimensional Poisson
crack problem, a two-dimensional elasticity problem, and a fully three-dimensional edge-crack
elasticity problem in the numerical tests that exhibit various features of the method.

1. Introduction

The linear elastic fracture mechanics (LEFM) has been widely used in fracture analysis of brittle materials. It plays a critical role
in studying crack propagation, stress concentration, fatigue, impact test, delamination of composites, and so on. The LEFM applies
the theory of elasticity to crack-front fields to evaluate features of crack growth. The crack modeling involves two types of non-
smooth features — the discontinuity at the crack surface and the singularity at the crack front. Conventional numerical techniques
for the crack problem, e.g., the finite element method (FEM), need mesh matching or refinement. This increases computational costs
substantially. There have also been many unfitted mesh methods and meshfree methods developed for the crack problem to improve
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computational efficiency, such as the Generalized/eXtended FEM [1–8], enriched element-free Galerkin or particle methods [9–
13], and isogeometric analysis [14]. Nevertheless, it remains a challenge to develop efficient and accurate numerical simulation
techniques for the analysis of the crack problem.

This paper studies applications of machine learning (ML) for the numerical solution to the crack problem, with a focus on
neural networks (NNs). The ML techniques [15] have achieved great success in image recognition, speech recognition, and natural
anguage processing [15,16]. In recent years the ML has been extensively applied to the numerical solution to PDEs. The ML

solvers enjoy many advantages. For instance, (a) the ML solver is meshfree and dimensionless, (b) it is flexible to approximate
nonlinear terms and complex geometries, and (c) it is coding-friendly and computationally efficient because of the availability of
automatic differentiation mechanics, optimization solvers, powerful architectures (e.g., TensorFlow and PyTorch [17]). According
to different formulation principles (e.g., strong, weak and mixed forms), the typical ML techniques include the physics-informed
neural network (PINN), physics informed augmentation of neural networks, and DGM [18–20], energy methods [21,22], the weak
dversarial neural network [23], the mixed residual method [24], Nitsche based methods [25], radial basis neural network [26,27],

and many others [28–34]. The applications of ML to engineering computations can be found in [22,26,35–39]. The ML has also
been used to solve high-dimensional PDEs [23,24,40–44]. Most of the afore-mentioned studies are concentrated on the numerical
olution to the PDEs without using measured data. The ML techniques based on measured data were developed in [45,46], where

the high-fidelity locally measured data are incorporated into certain physical models to derive global predictions.
Despite the success of ML methods in the smooth and high-dimensional problems, their application to the non-smooth problem

is not straightforward, as fewer studies are devoted to the non-smooth problem. A PDE is called non-smooth if its solution involves
non-smooth features [7], such as (weak) discontinuities, kinks, singularities, cracks, multi-scale properties, boundary layers, sharp
gradients, high waves. In general, the ML methods produce poor approximation for the non-smooth problem in comparison with the
smooth problem. This is partly because the commonly-used NN functions are smooth due to the smooth activation functions (except
for the ReLU function). Recently, NN methods have been applied to the non-smooth problems including interface problems [47–51],
sharp gradients [52], multi-scale problems [27], corner singularities [53], singularly-perturbed problems [54], waves [26,55], and
porous media [56]. The crack problem is a typical non-smooth problem, which involves both the discontinuity and the crack front
ingularity. We refer to [39,57,58] for the applications of NNs to the crack modeling in brittle and quasi-brittle materials. This paper

will report the implementation of a fully connected NN (using a piecewise version because of the discontinuity) for a crack problem,
where the relative error of displacements is about 10−3, showing the challenge to approximate non-smooth problems.

To improve the precision, we incorporate the singular information of crack solutions into the construction of the NN structure. By
analyzing the singular factor based on asymptotic expansions of the crack solution [59–64], we extract the singular factor and express
he solution as the singular factor multiplied by other smooth components. Then the general NNs are enriched (multiplied) by the

singular factor and used in a PINN scheme [18,20]. The new method is referred to as extended physics-informed ML (XPIML). The
dea is motivated by the extended FEM (XFEM) [1–8], where the standard FEM is enriched with the branch functions to improve the

precision. The XPIMLs improve the approximation precision significantly. We consider two typical ML methods, the fully connected
NN (FCNN) [15] and the extreme learning machine (ELM) [65] in this study. The ELM is a shallow NN. Unlike the conventional NNs,
the weights and bias coefficients in hidden layers of the ELM are initialized with random values, which are fixed during training
process. The ELM has been applied to the numerical solutions to PDEs. See [50,52,66–68] for instance. We shall show that the

PIML based on the ELM (XPIELM) achieves the high precision. The relative errors in the displacement are about 10−12 (compared
ith about 10−3 for the conventional FCNN). The stress intensity factor (SIF) is crucial to quantify the severity of a crack front

tress. We also compute the SIF using the 𝐽−integral method [69,70] based on the XPIELM solution. The high precision in the SIF is
achieved thanks to the good approximation by the XPIELM. The proposed XPIELMs are applied to a two dimensional (2D) Poisson
crack problem [64,71], a 2D elasticity problem [5,6,72], and a fully 3D edge-crack elasticity problem [63,73,74] in a unified way,

here its computational advantages are demonstrated.
The paper is organized as follows. The LEFM model problem is described in Section 2, including a 2D Poisson crack problem,

D and 3D elasticity crack problems, and the asymptotic expansions of solutions. Various existing ML methods are described in
ections 3, and the piecewise NNs are presented to show the precision of conventional NNs used in the crack problem. The extended
hysics-informed NNs based on the FCNN and ELM are proposed in Section 4. The numerical experiments and concluding remarks

are presented in Sections 5 and 6, respectively.

2. Model problem

Let 𝛺 be a bounded and cracked domain in R𝑑 , 𝑑 = 2, 3 with the crack surface 𝛤𝑂, where 𝑂 is the crack front, see Fig. 1. 𝛺
is the closure of 𝛺, and 𝛤 = 𝜕𝛺 is the boundary of 𝛺. We use characters in bold, e.g., 𝐱, to represent points in R𝑑 , and denote
𝐱 = (𝑥1,… , 𝑥𝑑 ). For simplicity, we also denote 𝐱 = (𝑥, 𝑦) and 𝐱 = (𝑥, 𝑦, 𝑧) in 2D and 3D problems, respectively. Likewise, We use
haracters in bold, e.g., 𝐮, to represent vector-valued functions in 𝐻1(𝛺;R𝑑 ), and denote 𝐮 = [𝑢1, 𝑢2,… , 𝑢𝑑 ]𝑇 . Except for the elasticity
rack problem, we also consider a Poisson crack problem in this paper. In this case the solution is scalar-valued function, and for
onvenience of presentation, we also use the bold 𝐮 to represent the scalar-valued function with an understanding 𝐮 = 𝑢 ∈ 𝐻1(𝛺;R).

Consider a linear elastic fracture mechanics model in 𝛺:

−∇ ⋅ 𝜎(𝐮) = 𝐟 , in 𝛺 , (2.1)
𝐮 = 𝐠, on 𝛤 ,
𝜎(𝐮)𝑛𝑂 = 𝟎, on 𝛤𝑂 , (2.2)

2 
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Fig. 1. The 2D (left) and the 3D (right) cracked domain 𝛺 with the crack surface 𝛤𝑂 and the crack front 𝑂. (𝑥, 𝑦), (𝑥, 𝑦, 𝑧) are the Cartesian coordinate systems
in 2D and 3D, respectively, and (𝑟, 𝜃), (𝑟, 𝜃 , 𝑧) are the associated polar coordinates and the cylindrical polar coordinates, respectively.

where 𝜎(𝐮) is the stress tensor, 𝐟 is the body force, and 𝐠 represents the essential boundary condition. We assume that 𝐟 and 𝐠 are
smooth to simplify description of the main algorithm. The Eq. (2.2) is called the traction free condition on the crack 𝛤𝑂, and 𝑛𝑂 is
the unit outward normal vector to 𝛤𝑂. In this paper we study a Poisson crack problem, a 2D elasticity crack problem, and a fully
3D edge-crack elasticity problem. We describe these models below.

• The 2D Poisson crack problem:

𝜎(𝐮) ∶= ∇𝐮 =
[

𝜕𝐮
𝜕 𝑥 ,

𝜕𝐮
𝜕 𝑦

]

.

• The 2D elasticity crack problem:

𝜎(𝐮) ∶=
[

𝜎𝑥 𝜎𝑥𝑦
𝜎𝑥𝑦 𝜎𝑦

]

with the constitutive model given by

⎡

⎢

⎢

⎣

𝜎𝑥
𝜎𝑦
𝜎𝑥𝑦

⎤

⎥

⎥

⎦

=
𝐸(1 − 𝜈)

(1 + 𝜈)(1 − 2𝜈)

⎡

⎢

⎢

⎢

⎣

1 𝜈
1−𝜈 0

𝜈
1−𝜈 1 0
0 0 1−2𝜈

2(1−𝜈)

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦

⎤

⎥

⎥

⎦

or 𝐸
1 − 𝜈2

⎡

⎢

⎢

⎣

1 𝜈 0
𝜈 1 0
0 0 1−𝜈

2

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦

⎤

⎥

⎥

⎦

,

where the former is the plane strain, while the latter is the plane stress, 𝐸 is Young’s modulus, and 𝜈 is Poisson’s ratio, 𝑥−
and 𝑦− directions are shown in Fig. 1 (left), and 𝜖𝑥, 𝜖𝑦, 𝛾𝑥𝑦 are the components of strain tensor defined by

[

𝜖𝑥
1
2 𝛾𝑥𝑦

1
2 𝛾𝑥𝑦 𝜖𝑦

]

=

[ 𝜕 𝑢1
𝜕 𝑥

1
2 (

𝜕 𝑢2
𝜕 𝑥 + 𝜕 𝑢1

𝜕 𝑦 )
1
2 (

𝜕 𝑢2
𝜕 𝑥 + 𝜕 𝑢1

𝜕 𝑦 )
𝜕 𝑢2
𝜕 𝑦

]

.

• The fully 3D edge-crack elasticity problem:

𝜎(𝐮) ∶=
⎡

⎢

⎢

⎣

𝜎𝑥 𝜎𝑥𝑦 𝜎𝑧𝑥
𝜎𝑥𝑦 𝜎𝑦 𝜎𝑦𝑧
𝜎𝑧𝑥 𝜎𝑦𝑧 𝜎𝑧

⎤

⎥

⎥

⎦

with the constitutive model given by

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜎𝑥
𝜎𝑦
𝜎𝑧
𝜎𝑥𝑦
𝜎𝑦𝑧
𝜎𝑧𝑥

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=
𝐸(1 − 𝜈)

(1 + 𝜈)(1 − 2𝜈)

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 𝜈
1−𝜈

𝜈
1−𝜈 0 0 0

𝜈
1−𝜈 1 𝜈

1−𝜈 0 0 0
𝜈

1−𝜈
𝜈

1−𝜈 1 0 0 0
0 0 0 1−2𝜈

2(1−𝜈) 0 0
0 0 0 0 1−2𝜈

2(1−𝜈) 0
0 0 0 0 0 1−2𝜈

2(1−𝜈)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜖𝑥
𝜖𝑦
𝜖𝑧
𝛾𝑥𝑦
𝛾𝑦𝑧
𝛾𝑧𝑥

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

where the components of the strain tensor are defined by

𝜖(𝐮) ∶=
⎡

⎢

⎢

⎢

⎣

𝜖𝑥
1
2 𝛾𝑥𝑦

1
2 𝛾𝑧𝑥

1
2 𝛾𝑥𝑦 𝜖𝑦

1
2 𝛾𝑦𝑧

1
2 𝛾𝑧𝑥

1
2 𝛾𝑦𝑧 𝜖𝑧

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝜕 𝑢1
𝜕 𝑥

1
2 (

𝜕 𝑢2
𝜕 𝑥 + 𝜕 𝑢1

𝜕 𝑦 )
1
2 (

𝜕 𝑢3
𝜕 𝑥 + 𝜕 𝑢1

𝜕 𝑧 )
1
2 (

𝜕 𝑢2
𝜕 𝑥 + 𝜕 𝑢1

𝜕 𝑦 )
𝜕 𝑢2
𝜕 𝑦

1
2 (

𝜕 𝑢3
𝜕 𝑦 + 𝜕 𝑢2

𝜕 𝑧 )
1
2 (

𝜕 𝑢3
𝜕 𝑥 + 𝜕 𝑢1

𝜕 𝑧 )
1
2 (

𝜕 𝑢3
𝜕 𝑦 + 𝜕 𝑢2

𝜕 𝑧 )
𝜕 𝑢3
𝜕 𝑧

⎤

⎥

⎥

⎥

⎦

.

For the 2D problem, we assume that 𝛤𝑂 is a straight line with a tip 𝑂, and (𝑟, 𝜃) is the polar coordinate with the crack tip 𝑂
serving as the pole and the opposite direction of crack line as the polar line (see Fig. 1 (left)). For the 3D elasticity problem, we
3 
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assume that 𝛺 is a plate of thickness 2𝑡 given by 𝛺 = 𝜛 × [−𝑡, 𝑡], where 𝜛 is a region in R2. The crack front 𝑂 is a straight line that
s parallel to the 𝑧-axis. For convenience of presentation, we use the cylindrical polar coordinates (𝑟, 𝜃 , 𝑧) (see Fig. 1 (right)), where

- 𝑧- the direction along the crack front 𝑂,
- 𝑟- the radial direction out from the crack front 𝑂,
- 𝜃- the tangential direction around the 𝑧-direction (counterclockwise when viewed from the positive direction of 𝑧), and
𝜃 ∈ (−𝜋 , 𝜋].

The representations of solutions to these crack problems have been studied theoretically, and we describe them below.

• The 2D Poisson crack problem [64].

𝑢(𝑟, 𝜃) =
∞
∑

𝑖=1
𝑐𝑖𝑟

2𝑖−1
2 sin( 2𝑖 − 1

2
𝜃) +

∞
∑

𝑖=0
𝑑𝑖𝑟

𝑖 cos(𝑖𝜃) + 𝑢𝑠𝑚, (2.3)

where 𝑐𝑖, 𝑑𝑖 are the constants, 𝑢𝑠𝑚 is a smooth part in 𝛺.
• The 2D elasticity crack problem.

The solution 𝐮 of the crack problem (2.1) can be decomposed into [61]

𝐮 = 𝐒 + 𝐮𝑠𝑚, 𝐒 = [𝑠1, 𝑠2]𝑇 , (2.4)

where 𝐮𝑠𝑚 is a smooth part in 𝛺, and 𝐒 corresponds to the singular component given by

𝑠1 =
∞
∑

𝑖=1
𝑎𝑖1

𝑟𝑖∕2

2𝜇

[

(𝜅 + 𝑖
2
+ (−1)𝑖) cos 𝑖𝜃

2
− 𝑖

2
cos

(𝑖 − 4)𝜃
2

]

(2.5)

−𝑎𝑖2
𝑟𝑖∕2

2𝜇

[

(𝜅 + 𝑖
2
− (−1)𝑖) sin 𝑖𝜃

2
− 𝑖

2
sin

(𝑖 − 4)𝜃
2

]

,

𝑠2 =
∞
∑

𝑖=1
𝑎𝑖1

𝑟𝑖∕2

2𝜇

[

(𝜅 − 𝑖
2
− (−1)𝑖) sin 𝑖𝜃

2
+ 𝑖

2
sin

(𝑖 − 4)𝜃
2

]

(2.6)

+𝑎𝑖2
𝑟𝑖∕2

2𝜇

[

(𝜅 − 𝑖
2
+ (−1)𝑖) cos 𝑖𝜃

2
+ 𝑖

2
cos

(𝑖 − 4)𝜃
2

]

,

where 𝑎𝑖1, 𝑎𝑖2 are the constants, 𝜇 is a Lamé constant, 𝜅 is the Kolosov constant that is 3 − 4𝜈 for the plane strain and 3−𝜈
1+𝜈 for

the plane stress. It is known that the terms in (2.5) and (2.6) with the factor 𝑟
1
2 expressed by

𝐮𝐼 ∶= 𝑀𝐼
√

𝑟

[

cos 𝜃
2

sin 𝜃
2

]

(𝜅 − cos 𝜃), 𝐮𝐼 𝐼 ∶= 𝑀𝐼 𝐼
√

𝑟

[

sin 𝜃
2 (𝜅 + 2 + cos 𝜃)

cos 𝜃
2 (2 − 𝜅 − cos 𝜃)

]

, (2.7)

are referred to as the I and II opening modes (see [1,4,72]), where 𝑀𝐼 , 𝑀𝐼 𝐼 are the coefficients associated with the stress
intensity factors (SIFs).

• The fully 3D edge-crack elasticity problem.
A solution 𝐮 of the 3D edge-crack problem (2.1) that incorporates the singular information was derived in [62,63], which is
expressed explicitly in the Cartesian Coordinates as follows:

𝐮 = 𝐴(𝑧)𝑟
1
2

⎡

⎢

⎢

⎢

⎣

(𝑄1 − 1) cos 𝜃
2 − cos 3

2 𝜃
(𝑄1 + 1) sin 𝜃

2 − sin 3
2 𝜃

0

⎤

⎥

⎥

⎥

⎦

− 𝐴′(𝑧)𝑟
3
2

⎡

⎢

⎢

⎣

0
0

2 cos 𝜃
2 − 2

3 (𝑄1 + 1) cos 3
2 𝜃

⎤

⎥

⎥

⎦

+
𝐴′′(𝑧)
2

𝑟
5
2

⎡

⎢

⎢

⎢

⎣

(𝑄2 −𝑄3 −
𝑄1+1
6 −𝑄4) cos 𝜃

2 + cos 3
2 𝜃 + (𝑄4 −𝑄3) cos 5

2 𝜃
(𝑄2 +𝑄3 −

𝑄1+1
6 +𝑄4) sin 𝜃

2 + sin 3
2 𝜃 + (𝑄4 −𝑄3) sin 5

2 𝜃
0

⎤

⎥

⎥

⎥

⎦

, (2.8)

where

𝑄1 =
2𝜆 + 6𝜇
𝜆 + 𝜇

, 𝑄2 =
3𝜆 − 𝜇
6(𝜆 + 𝜇)

, 𝑄3 =
45𝜆2 + 138𝜆𝜇 + 61𝜇2

90(𝜆 + 𝜇)2
, 𝑄4 =

−15𝜆2 + 2𝜆𝜇 + 49𝜇2

90(𝜆 + 𝜇)2
, (2.9)

and

𝜆 = 𝐸 𝜈
(1 + 𝜈)(1 − 2𝜈) , 𝜇 = 𝐸

2(1 + 𝜈)

are the Lamé constants. If 𝐴(𝑧) is taken as 1 + 𝑧 or 1 + 𝑧 + 𝑧2 for example, we have the fully 3D edge-crack problem (neither
plane strain nor plane stress), which involves the factors 𝑟

3
2 and/or 𝑟

5
2 . The term with 𝐴(𝑧)𝑟

1
2 in (2.8) is referred to as the

major singular function of 𝐮. We note that there is an essential difference between the 2D and 3D crack problems; in the 2D
major singular function (2.7) is much simpler (without 𝐴(𝑧)).

Remark 2.1. It is obvious that the aforementioned solutions, 𝐮, involve two typical non-smooth features: the singularity
haracterized by the factor

√

𝑟 and the discontinuity across the crack front 𝛤 . This poses a difficulty for the development of
𝑂

4 
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Fig. 2. Basic structure of the FCNN network (left) and the ELM network (right), where the dashed lines indicate the multilayer structure.

high-precision numerical methods. Below, we will propose the extended NN method, which depends on the expansion of solutions,
(2.3), (2.4), and (2.8). □

3. Conventional neural networks and loss functions

The ML techniques are powerful in high-dimensional and nonlinear approximations, and have been widely applied to the
numerical solutions of PDE. The conventional ML techniques of solving PDE involve the key gradients: (a) neural network structures,
(b) loss functions for training process, and (c) optimization algorithms to optimize the loss function. We describe their formulations
when applied to the crack problem.

We start with two typical ML methods, the fully connected NN (FCNN) and the extreme learning machine (ELM). Let 𝐳𝑘 ∈ R𝑑𝑘

be a vector of dimension 𝑑𝑘, and 𝐳1 = (𝑥1,… , 𝑥𝑑 )𝑇 . Let 𝐖𝑘 ∈ R𝑑𝑘+1×𝑑𝑘 be a 𝑑𝑘+1 ×𝑑𝑘 matrix and 𝐛𝑘 ∈ R𝑑𝑘+1 be a vector of dimension
𝑑𝑘+1, and 𝑑𝐿+1 is the same as the dimension of 𝐮, which is 1, 2, 3 for the Poisson problem, 2D elasticity problem, 3D elasticity
problem, respectively. Denote the activation function by 𝜁 , and 𝜁 (𝐳𝑘) is defined by (𝜁 (𝐳𝑘1 ),… , 𝜁 (𝐳𝑘𝑑𝑘 ))

𝑇 . A FCNN function of 𝐿-layer
is defined by

𝑁𝜗 ∶= 𝐖𝐿𝑁𝐿−1◦ ⋯ ◦𝑁2◦𝑁1(𝐳1) + 𝐛𝐿, 𝑁𝑘(𝐳𝑘) ∶= 𝜁 (𝐖𝑘𝐳𝑘 + 𝐛𝑘), 𝑘 = 1, 2,… , 𝐿 − 1,
where 𝜗 = {𝐖𝑘,𝐛𝑘}𝐿𝑘=1 are referred to as parameter set. A FCNN is exhibited in Fig. 2 (left). The improved versions of FCNN for the
numerical solution to PDE, e.g., ResNet [16,21,42], can be found in the literature. We do not present their results in this study for
simplicity, and they can be used in the proposed method directly in the same way as the FCNN. The parameters 𝜗 are determined
by solving certain minimization problems, which are updated using stochastic gradient descent (SGD) methods [15].

The second ML method is the extreme learning machine (ELM) [65]. The ELM is a shallow NN with randomly selected weights
and bias. Let 𝐱𝑐 = (𝑥𝑐1, 𝑥𝑐2,… , 𝑥𝑐𝑑 ) ∈ 𝛺 be a relative center of 𝛺, and 𝑟𝑐 be a positive scaled parameter. The functions of ELM are the
following:

𝑅𝜗 =
𝐾
∑

𝑗=1
𝑚𝑗𝜁

(

𝐱 − 𝐱𝑐
𝑟𝑐

⋅𝐖𝑇
𝑗 + 𝑏𝑗

)

,

where 𝐖𝑗 and 𝑏𝑗 , 𝑗 = 1, 2,… , 𝐾 are random numbers uniformly distributed on [−𝑅𝑚, 𝑅𝑚]; 𝑅𝑚 is a hyper parameter. It is noted that
the parameters 𝐖𝑗 , 𝑏𝑗 are generated in advance and fixed in the training process. See Fig. 2 (right) for an illustration of ELM. The
optimization process of ELM can be executed by solving certain least square problems. The ELM has been applied to solve the PDE,
see [52,66–68] for instance.

In this paper we use the tanh activation function [15], and thus both the FCNN and ELM functions are 𝐶∞ continuous. We
mention that commonly-used activation functions are continuous, such as ReLU, sigmoid, sin/cos, and thus the NN functions are
generally continuous. This causes a difficulty in solving the crack problems because the crack solution is discontinuous across the
crack surfaces. Therefore, the usual NNs with the continuous activation functions cannot be used directly for the crack problem,
and some operations have to be developed, such as, piecewise NNs [48]. We present a piecewise NN below.

The parameters of FCNN or ELM need to be identified by optimizing particular loss functions, whose optimizers are the
approximate solutions of equations. A natural loss function is based on energy functional:

L(𝐮) ∶= 1
2
𝐵(𝐮,𝐮) − 𝐹 (𝐮) + 𝛼‖𝐮 − 𝐠‖2

𝐿2(𝛤 )
, (3.1)

where 𝛼 is a regularization parameter, and

𝐵(𝐮,𝐰) = ∫𝛺
𝜎(𝐮) ∶ 𝜖(𝐰) 𝑑 𝑉 , 𝐹 (𝐰) = ∫𝛺

𝐟 ⋅ 𝐰 𝑑 𝑉 , ∀ 𝐮, 𝐰 ∈ 𝐻1(𝛺). (3.2)

A NN method based on (3.1) was referred to as the deep Ritz method (DRM) [21,22]. The DRM uses the energy formulation to
establish the loss function. However, the energy formulation may not be available in many PDEs. To avoid this difficulty, a so-called
weak adversarial network (WAN, [23]) utilizes the weak forms of PDEs to construct the loss function as follows:

L(𝐮,𝐰) ∶= (𝐵(𝐮,𝐰) − 𝐹 (𝐰))2

‖𝐰‖2
+ 𝛼‖𝐮 − 𝐠‖2

𝐿2(𝛤 )
, (3.3)
𝐿2(𝛺)

5 
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Fig. 3. The domain is divided into two sub-domains, 𝛺0 and 𝛺1, with the cracked part 𝛤𝑂 and the non-crack part 𝛤𝑂̄ .

and the associated optimization problem is
min
𝐮

max
𝐰

L(𝐮,𝐰).

Above, 𝐮,𝐰 are approximated using the primal and adversarial NNs, respectively. (3.3) is based on the weak form, which is easy to
attain for general PDEs using standard integration by part (or Green formulae). To optimize the parameters, a gradient descent and
ascent approach is employed.

Compared with DRM and WAN, more convenient loss functions are based on the strong form of equation, (2.1), in the following:

L(𝐮) ∶= ‖ − ∇ ⋅ 𝜎(𝐮) − 𝐟‖2
𝐿2(𝛺)

+ 𝛼‖𝐮 − 𝐠‖2
𝐿2(𝛤 )

+ 𝛽‖𝜎(𝐮)𝑛𝑂 − 𝟎‖2
𝐿2(𝛤𝑂 )

, (3.4)

where 𝛼 and 𝛽 are the penalty parameters. The physics-informed neural network [18,20] was based on the strong form of equation.
We also refer to (3.4) as PINN. Derivatives of higher orders are needed in the PINN. However, this is not a problem thanks to
automatic differentiation mechanism for the NNs.

As mentioned above, the NN functions are continuous, which cannot be applied to the crack problem directly. The piecewise
NNs are natural choices to simulate the discontinuous solutions. To this end, we extend the crack surface to the boundary of 𝛺 and
divide 𝛺 into two parts, 𝛺0 and 𝛺1, and the non-cracked part of 𝛺0 ∩𝛺1 is denoted by 𝛤𝑂̄, see Fig. 3. Two NNs are set in 𝛺0 and
𝛺1 to approximate 𝐮, respectively,

𝐮(𝐱) ≈ 𝐮𝜗(𝐱) =
{

𝐮𝜗0 (𝐱), 𝐱 ∈ 𝛺0,

𝐮𝜗1 (𝐱), 𝐱 ∈ 𝛺1,

where 𝜗 = 𝜗𝑙 if 𝐱 ∈ 𝛺𝑙, 𝑙 = 0, 1, and 𝜗𝑙 are the parameters of FCNN or ELM. This means that 𝐮𝜗0 and 𝐮𝜗1 are different NNs, which
are set in 𝛺0 and 𝛺1, respectively. 𝐮𝜗 is called piecewise NNs. The PINN based on the strong form, (2.1), and using the piecewise
NNs, 𝐮(𝐱; 𝜗), is presented below:

L(𝐮𝜗) ∶= ‖ − ∇ ⋅ 𝜎(𝐮𝜗) − 𝐟‖2
𝐿2(𝛺)

+ 𝛼‖𝐮𝜗 − 𝐠‖2
𝐿2(𝛤 )

+ 𝛽0‖𝜎(𝐮𝜗0 )𝑛𝑂 − 𝟎‖2
𝐿2(𝛤𝑂 )

+ 𝛽1‖𝜎(𝐮𝜗1 )𝑛𝑂 − 𝟎‖2
𝐿2(𝛤𝑂 )

(3.5)

+𝛾0‖𝐮𝜗0 − 𝐮𝜗1‖
2
𝐿2(𝛤𝑂̄ )

+ 𝛾1‖∇𝐮𝜗0 ⋅ 𝑛𝑂 − ∇𝐮𝜗1 ⋅ 𝑛𝑂‖2𝐿2(𝛤𝑂̄ )
.

The second line of (3.5) represents the traction free conditions (2.2) for each of piecewise NNs. It is noteworthy that the third line of
(3.5) is to enforce continuous conditions along with 𝛤𝑂̄ because 𝛤𝑂̄ is the non-cracked surface, and the solution 𝐮 and its derivatives
are continuous at 𝛤𝑂̄. The enforcement of continuity of piecewise NNs can be also seen in [68].

In the training process, the loss function (3.5) needs to be discretized by sampling points. Let {𝐱𝛺0
𝑖 }𝑁0

𝑖=1, {𝐱𝛺1
𝑖 }𝑁1

𝑖=1, {𝐱𝑏𝑗}
𝑁𝑏
𝑗=1,

{𝐱𝛤𝑂𝑘 }
𝑁𝛤𝑂
𝑘=1 , {𝐱𝛤𝑂̄𝑚 }

𝑁𝛤𝑂̄
𝑚=1 be the sampling points in 𝛺0, 𝛺1, 𝛤 , 𝛤𝑂, 𝛤𝑂̄, respectively, and 𝑁0, 𝑁1, 𝑁𝑏, 𝑁𝛤𝑂 , 𝑁𝛤𝑂̄

be the numbers of associated
sampling points. These points can be sampled randomly or uniformly. Based on these sampling points we discretize (3.5) to get a
loss function for training the NNs, 𝐮𝜗:

L(𝐮𝜗) ∶= 1
𝑁0

𝑁0
∑

𝑖=1

(

[−∇ ⋅ 𝜎(𝐮𝜗)](𝐱
𝛺0
𝑖 ) − 𝐟 (𝐱𝛺0

𝑖 )
)2

+ 1
𝑁1

𝑁1
∑

𝑖=1

(

[−∇ ⋅ 𝜎(𝐮𝜗)](𝐱
𝛺1
𝑖 ) − 𝐟 (𝐱𝛺1

𝑖 )
)2

(3.6)

+ 𝛼
𝑁𝑏

𝑁𝑏
∑

𝑗=1

(

𝐮𝜗(𝐱𝑏𝑗 ) − 𝐠(𝐱𝑏𝑗 )
)2

+
𝛽0
𝑁𝛤𝑂

𝑁𝛤𝑂
∑

𝑘=1

(

𝜎(𝐮𝜗0 )(𝐱
𝛤𝑂
𝑘 )𝑛𝑂 − 𝟎

)2
+

𝛽1
𝑁𝛤𝑂

𝑁𝛤𝑂
∑

𝑘=1

(

𝜎(𝐮𝜗1 )(𝐱
𝛤𝑂
𝑘 )𝑛𝑂 − 𝟎

)2

+
𝛾0

𝑁𝛤𝑂̄

𝑁𝛤𝑂̄
∑

𝑚=1

(

𝐮𝜗0 (𝐱
𝛤𝑂̄
𝑚 ) − 𝐮𝜗1 (𝐱

𝛤𝑂̄
𝑚 )

)2
+

𝛾1
𝑁𝛤𝑂̄

𝑁𝛤𝑂̄
∑

𝑚=1

(

∇𝐮𝜗0 (𝐱
𝛤𝑂̄
𝑚 ) ⋅ 𝑛𝑂 − ∇𝐮𝜗1 (𝐱

𝛤𝑂̄
𝑚 ) ⋅ 𝑛𝑂

)2
.

The training process is to minimize the following optimization problem:

min L(𝐮 ) = min L(𝐮 ). (3.7)

𝜗 𝜗 𝜗0 ,𝜗1

𝜗

6 
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Fig. 4. First row: the crack domain 𝛺 (left) and the exact solution (right) for the tested 2D Poisson crack problem; Second row: the absolute errors of PIFNN
method (left) and PIELM method (right).

The minimizers of (3.7) based on the FCNN and ELM are referred to as physics-informed FCNN (PIFNN) and physics-informed ELM
(PIELM) for the crack problem, respectively. The idea of piecewise NNs can also be applied to the energy and weak form situations,
(3.1) and (3.3), in a similar approach. However, we do not present them because these loss functions do not exhibit accuracy merits
over the PINN loss (3.5) in many PDEs including the crack equation investigated in this study.

Finally, we state the optimization algorithms of (3.7). For the PIFNN, the parameters 𝜗 are updated using stochastic gradient
descent (SGD) methods [15]. The optimization process of PIELM can be executed by solving certain least square problems,
see [52,66–68] for instance.

As seen in the aforementioned crack models, the solutions involve factors like 𝑟𝛼 , i.e., these solutions are singular. It is known that
the NNs used to approximate singular functions generally cause poor precision [53]. This is essentially different from the situation
of smooth problems. To demonstrate it, we solve a Poisson crack problem using the PIFNN and PIELM.

We consider a 2D Poisson crack problem (2.1)–(2.2) on a domain 𝛺 = [−0.5, 0.5]2 with the crack line 𝛤𝑂 = {−0.5 ≤ 𝑥 ≤ 0, 𝑦 = 0}
and the crack tip 𝑂 at the origin, see Fig. 4 (left-up). We use a manufactured solution 𝑢(𝑟, 𝜃) = 𝑟

1
2 sin( 12 𝜃), see Fig. 4 (right-up). This

crack problem is solved by the PIFNN and PIELM based on (3.7). We define the relative 𝐿2 error of an approximation solution, 𝑢𝜗,
as

‖𝑢−𝑢𝜗‖𝐿2(𝛺)
‖𝑢‖𝐿2(𝛺)

. The relative 𝐿2 errors of the PIFNN and the PIELM methods are 3.078 × 10−2 and 7.177 × 10−2, respectively. The errors
are much bigger than those of NNs for the smooth problem. The Fig. 4 (left-below and right-below) draw the absolute errors of two
methods, which show that the two methods produce notable errors around the crack tip.

4. Proposed extended PINNs

The objective of this study is to enhance the approximation precision of NNs for the crack problem. The idea is to incorporate
the singular information of crack solutions into the NNs. To this end, we analyze the expansions of solutions and extract the major
singularity. Then the solutions can be written as the major singularity multiplied by smooth parts. The NNs enriched with the
major singularity are employed to solve the crack equations using the PINN scheme. We start with the 2D Poisson crack problem
to illustrate the idea.

We rewrite the solution expansion, (2.3), as

𝐮 = 𝑟
1
2 sin 𝜃

2

∞
∑

𝑖=1
𝑐𝑖𝑟

𝑖−1 cos((𝑖 − 1)𝜃) + 𝑟
1
2 cos 𝜃

2

∞
∑

𝑖=1
𝑐𝑖+1𝑟

𝑖 sin(𝑖𝜃) +
∞
∑

𝑖=0
𝑑𝑖𝑟

𝑖 cos(𝑖𝜃) + 𝑢𝑠𝑚

=∶ 𝜂1𝐇𝑝(𝑟, 𝜃) + 𝜂2𝐆𝑝(𝑟, 𝜃) + 𝜂0𝐊𝑝(𝑟, 𝜃), (4.1)

where

[𝜂1, 𝜂2, 𝜂0] = [𝑟 1
2 sin 𝜃

2
, 𝑟 1

2 cos 𝜃
2
, 1], (4.2)

and
7 
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𝐇𝑝(𝑟, 𝜃) =
∞
∑

𝑖=1
𝑐𝑖𝑟

𝑖−1 cos((𝑖 − 1)𝜃), 𝐆𝑝(𝑟, 𝜃) =
∞
∑

𝑖=1
𝑐𝑖+1𝑟

𝑖 sin(𝑖𝜃), 𝐊𝑝(𝑟, 𝜃) =
∞
∑

𝑖=0
𝑑𝑖𝑟

𝑖 cos(𝑖𝜃) + 𝑢𝑠𝑚.

We note that 𝐇𝑝,𝐆𝑝,𝐊𝑝 are analytic and uniformly convergent. Most importantly, these functions do not have the discontinuity and
ingularity caused by the crack surface and tip, in other words, they are smooth in 𝛺. Therefore, 𝐇𝑝,𝐆𝑝,𝐊𝑝 can be approximated

by the NNs with high precision. We mention that in (4.1) the bold characters represent the scalar-valued functions for the Poisson
roblem, as remarked at the beginning of Section 2. We write this to describe the NN algorithms for the Poisson and elasticity crack
roblems using a unified way. Motivated from (4.1) we propose an extended NN for the Poisson crack problem as follows:

𝐔𝜗 = 𝐔𝜗1 ,𝜗2 ,𝜗0 = 𝜂1𝐮𝜗1 + 𝜂2𝐮𝜗2 + 𝜂0𝐮𝜗0 , (4.3)

where 𝐮𝜗𝑙 , 𝑙 = 0, 1, 2, are the general NN functions with the parameters, 𝜗𝑙 , 𝑙 = 0, 1, 2, respectively, such as the FCNN, the ELM. It is
lear that

𝐮 − 𝐔𝜗 = 𝜂1(𝐮𝜗1 −𝐇𝑝) + 𝜂2(𝐮𝜗2 −𝐆𝑝) + 𝜂0(𝐮𝜗0 −𝐊𝑝),

which shows that 𝐮𝜗𝑙 , 𝑙 = 0, 1, 2, are set to approximate the smooth functions 𝐇𝑝,𝐆𝑝,𝐊𝑝, respectively. Therefore, the high precision
is predicted in this way.

We next present the extended NN for the 2D elasticity crack problem. Using the similar arguments, we rewrite the solution
expansion, 𝐮 in (2.4), (2.5), and (2.6), as

𝐮 =
√

𝑟 sin 𝜃
2
𝐇𝑒(𝑟, 𝜃) +

√

𝑟 cos 𝜃
2
𝐆𝑒(𝑟, 𝜃)

+
√

𝑟 sin 𝜃
2
cos 𝜃𝐊𝑒(𝑟, 𝜃) +

√

𝑟 cos 𝜃
2
cos 𝜃𝐋𝑒(𝑟, 𝜃) +𝐌𝑒(𝑟, 𝜃),

with

𝐇𝑒 =
∞
∑

𝑙=1
𝑟𝑙−1

([

𝑐𝑙11
𝑑𝑙11

]

sin(𝑙 − 1)𝜃 +
[

𝑐𝑙12
𝑑𝑙12

]

cos(𝑙 − 1)𝜃

+
[

𝑐𝑙13
𝑑𝑙13

]

sin(𝑙 − 2)𝜃 sin 𝜃 +
[

𝑐𝑙14
𝑑𝑙14

]

cos(𝑙 − 2)𝜃 sin 𝜃
)

,

𝐆𝑒 =
∞
∑

𝑙=1
𝑟𝑙−1

([

𝑐𝑙21
𝑑𝑙21

]

sin(𝑙 − 1)𝜃 +
[

𝑐𝑙22
𝑑𝑙22

]

cos(𝑙 − 1)𝜃

+
[

𝑐𝑙23
𝑑𝑙23

]

sin(𝑙 − 2)𝜃 sin 𝜃 +
[

𝑐𝑙24
𝑑𝑙24

]

cos(𝑙 − 2)𝜃 sin 𝜃
)

,

𝐊𝑒 =
∞
∑

𝑙=1
𝑟𝑙−1

([

𝑐𝑙31
𝑑𝑙31

]

sin(𝑙 − 1)𝜃 +
[

𝑐𝑙32
𝑑𝑙32

]

cos(𝑙 − 1)𝜃
)

,

𝐋𝑒 =
∞
∑

𝑙=1
𝑟𝑙−1

([

𝑐𝑙41
𝑑𝑙41

]

sin(𝑙 − 1)𝜃 +
[

𝑐𝑙42
𝑑𝑙42

]

cos(𝑙 − 1)𝜃
)

,

𝐌𝑒 =
∞
∑

𝑙=1
𝑟𝑙
([

𝑐𝑙51
𝑑𝑙51

]

sin 𝑙 𝜃 +
[

𝑐𝑙52
𝑑𝑙52

]

cos 𝑙 𝜃
)

+
∞
∑

𝑙=1
𝑟2

([

𝑐𝑙53
𝑑𝑙53

]

𝑟𝑙−2 sin(𝑙 − 2)𝜃 +
[

𝑐𝑙54
𝑑𝑙54

]

𝑟𝑙−2 cos(𝑙 − 2)𝜃
)

+ 𝐮𝑠𝑚,

where 𝑐𝑙𝑖𝑗 , 𝑑𝑙𝑖𝑗 are the constants obtained from 𝑎𝑖1, 𝑎𝑖2 in (2.5) and (2.6). Here, 𝐇𝑒,𝐆𝑒,𝐊𝑒,𝐋𝑒,𝐌𝑒 are analytic and uniformly convergent,
nd they are smooth in 𝛺. Let

[𝜂1, 𝜂2, 𝜂3, 𝜂4, 𝜂0] = [
√

𝑟 sin 𝜃
2
,
√

𝑟 cos 𝜃
2
,
√

𝑟 sin 𝜃
2
cos 𝜃 ,

√

𝑟 cos 𝜃
2
cos 𝜃 , 1], (4.4)

and the extended NN for 2D elasticity crack problem is proposed as follows:

𝐔𝜗 = 𝐔𝜗1 ,𝜗2 ,𝜗3 ,𝜗4 ,𝜗0 = 𝜂1𝐮𝜗1 + 𝜂2𝐮𝜗2 + 𝜂3𝐮𝜗3 + 𝜂4𝐮𝜗4 + 𝜂0𝐮𝜗0 , (4.5)

where 𝐮𝜗𝑙 , 𝑙 = 0, 1,… , 4, are the general NN functions with the parameters, 𝜗𝑙 , 𝑙 = 0, 1,… , 4, respectively, such as FCNN, ELM.
We note that 𝜂𝑙 , 𝑙 = 1, 2, 3, 4 in (4.4) are the standard branch functions used to develop the so-called GFEM/XFEM for the crack
problem [1,4,72].

Finally, we present the extended NN for the 3D crack problem. Since we consider a fully 3D fully edge-crack problem, the solution
has the expression (2.8) [62,63,74]. It was proven in [74] that a stable GFEM enriched by the branch functions (4.4) for 2D crack
problem can achieve the optimal convergence in the fully 3D edge-crack problem. Therefore, we also use (4.4) to construct the
extended NN for the 3D planar fully edge-crack elasticity problem, i.e.,

𝐔𝜗 = 𝐔𝜗1 ,𝜗2 ,𝜗3 ,𝜗4 ,𝜗0 = 𝜂1𝐮𝜗1 + 𝜂2𝐮𝜗2 + 𝜂3𝐮𝜗3 + 𝜂4𝐮𝜗4 + 𝜂0𝐮𝜗0 , (4.6)

but remember that these functions are three-dimensional.
8 
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Fig. 5. The structure of the XPIELM model of the Poisson crack problem (left) and the elasticity crack problem (right). 𝑛 = 2 for the Poisson crack problem
and 𝑛 = 4 for the elasticity crack problem. Each pink block is a ELM model for the component 𝑢𝜗𝑙 𝑗 , and each green block is for 𝐮𝜗𝑙 in (4.3) and (4.5). The only
parameters to be trained are the output weights of each ELM model 𝑚𝑘

𝑙 𝑗 , 𝑙 = 0,… , 𝑛, 𝑗 = 0,… , 𝑑 , 𝑘 = 1,… , 𝐾.

Based on the sampling points used (3.6) we establish a loss function for training the extended NNs (a unified way for the Poisson,
2D and 3D crack problems), 𝐔𝜗:

L(𝐔𝜗) ∶= 1
𝑁0 +𝑁1

𝑁0+𝑁1
∑

𝑖=1

(

[−∇ ⋅ 𝜎(𝐔𝜗)](𝐱𝛺𝑖 ) − 𝐟 (𝐱𝛺𝑖 )
)2

+ 𝛼
𝑁𝑏

𝑁𝑏
∑

𝑗=1

(

𝐔𝜗(𝐱𝑏𝑗 ) − 𝐠(𝐱𝑏𝑗 )
)2

(4.7)

+
𝛽0
𝑁𝛤𝑂

𝑁𝛤𝑂
∑

𝑘=1

(

𝜎(𝐔+
𝜗 )(𝐱

𝛤𝑂
𝑘 )𝑛𝑂 − 𝟎

)2
+

𝛽1
𝑁𝛤𝑂

𝑁𝛤𝑂
∑

𝑘=1

(

𝜎(𝐔−
𝜗 )(𝐱

𝛤𝑂
𝑘 )𝑛𝑂 − 𝟎

)2
,

where {𝐱𝛺𝑖 } = {𝐱𝛺0
𝑖 } ∪ {𝐱𝛺1

𝑖 },

𝐔+
𝜗 (𝐱) = lim

𝐲→𝐱,𝐲∈𝛺0
𝐔𝜗(𝐲), 𝐔−

𝜗 (𝐱) = lim
𝐲→𝐱,𝐲∈𝛺1

𝐔𝜗(𝐲), ∀ 𝐱 ∈ 𝛤𝑂 .

In comparison with (3.6), we use the full NNs instead of the piecewise NNs, and thus the NN functions are continuous, and the
terms associated with the sampling on 𝛤𝑂̄ (the non-cracked part, see Fig. 3) are not included.

The training process is to minimize the following optimization problem:

min
𝜗

L(𝐔𝜗) =
{

min𝜗1 ,𝜗2 ,𝜗0 L(𝐔𝜗), for the 2D Poisson crack problem,
min𝜗1 ,𝜗2 ,𝜗3 ,𝜗4 ,𝜗0 L(𝐔𝜗), for the 2D and 3D elasticity crack problems. (4.8)

The minimizers of (4.8) based on the extended FCNN and ELM, (4.3) and (4.6), are referred to as the extended physics-informed
FCNN (XPIFNN) and the extended physics-informed ELM (XPIELM) for the crack problem, respectively. It will be shown below that
the precision of XPIFNN and XPIELM is improved essentially compared with their preliminary versions, PIFNN and PIELM (based
on (3.6) and (3.7)). In computation, the precision of XPIELM is much higher than that of XPIFNN. Therefore, the XPIELM is mainly
suggested in this study. The result of XPIFNN is also presented for comparison with both the PIFNN (based on (3.6) and (3.7)) and
the XPIELM.

For the XPIFNN, the parameters 𝜗 in the minimization problem (4.8) are updated using the stochastic gradient descent (SGD)
methods [15]. The optimization process of XPIELM based on (4.8) can be executed by solving a least square problem, see [52,66–68]
for instance. We specify the algorithm of XPIELM below.

For simplicity of description, we denote the singular functions in (4.2) and (4.4) by 𝜂0,… , 𝜂𝑛, which are (4.2) with 𝑛 = 2 for
the 2D Poisson crack problem and (4.4) with 𝑛 = 4 for the 2D and 3D elasticity crack problems, respectively. For the XPIELM, we
express each of the 𝐮𝜗𝑙 , 𝑙 = 0,… , 𝑛 in (4.5) using the components of output neurons of ELM, they are:

𝐮𝜗𝑙 = 𝑢𝜗𝑙1 ⋅ 𝐞1 +⋯ + 𝑢𝜗𝑙 𝑑 ⋅ 𝐞𝑑 ,

where 𝑢𝜗𝑙 𝑗 is the output of the ELM as well as the 𝑗th component of the 𝐮𝜗𝑙 , and the 𝐞𝑗 is the d-dimensional standard unit column
vector, where the 𝑗th component is 1 and the others are 0. For the Poisson crack problem, we have 𝐮𝜗𝑙 = 𝑢𝜗𝑙1 and 𝑑 = 1 because it
is the scalar-valued problem. Therefore, we create (𝑛+ 1)𝑑 ELM models for the XPIELM method. For each 𝑢𝜗𝑙 𝑗 ELM model, we have

𝑢𝜗𝑙 𝑗 =
𝐾
∑

𝑘=1
𝑚𝑘
𝑙 𝑗𝜁𝑘𝑙 𝑗 (𝐱) =

𝐾
∑

𝑘=1
𝑚𝑘
𝑙 𝑗𝜁 (𝐱 ⋅ (𝐖𝑘

𝑙 𝑗 )𝑇 + 𝑏𝑘𝑙 𝑗 ), (4.9)

where 𝑚𝑘
𝑙 𝑗 , 𝑘 = 1, 2,… , 𝐾, are the output weights of the ELM model, 𝜁 is the tanh activation function, 𝐖𝑘

𝑙 𝑗 and 𝑏𝑘𝑙 𝑗 , 𝑘 = 1,… , 𝐾 are
random numbers sampled in advance that are not updated in the training process. The structure of the XPIELM is shown in Fig. 5.
9 
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Feeding the sampling points into the pipeline of the XPIELM, we have the residual terms (4.7). Denote the trained parameters 𝑚𝑘
𝑙 𝑗

by

𝐦 =
[

𝐦1,… ,𝐦𝑑
]𝑇 , 𝐦𝑗 =

[

𝐦0𝑗 ,… ,𝐦𝑛𝑗
]

, 𝐦𝑙 𝑗 (𝑘) = 𝑚𝑘
𝑙 𝑗 , 𝑗 = 1,… , 𝑑 , 𝑙 = 0,… , 𝑛, 𝑘 = 1,… , 𝐾 .

Then the optimization problem (4.8) is equivalent to solving the least square problem in what follows:

min
𝐦

‖𝐇𝐦 − 𝐒‖22, (4.10)

where the matrix

𝐇 =
[

𝐇1,… ,𝐇𝑑
]

, 𝐇𝑗 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐇𝛺
0𝑗 ⋯ 𝐇𝛺

𝑛𝑗
𝐇𝑏

0𝑗 ⋯ 𝐇𝑏
𝑛𝑗

𝐇
𝛤+
𝑂

0𝑗 ⋯ 𝐇
𝛤+
𝑂

𝑛𝑗

𝐇
𝛤−
𝑂

0𝑗 ⋯ 𝐇
𝛤−
𝑂

𝑛𝑗

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑗 = 1,… , 𝑑 ,

and the column vector

𝐒 =
⎡

⎢

⎢

⎣

𝐅
𝐆
𝟎

⎤

⎥

⎥

⎦

. (4.11)

Here, for 𝑙 = 0,… , 𝑛, 𝑗 = 1,… , 𝑑, we have

𝐇𝛺
𝑙 𝑗 =

√

1
𝑁0 +𝑁1

⎡

⎢

⎢

⎢

⎢

⎣

−∇𝜎(𝜂𝑙𝜁1𝑙 𝑗 (𝐱𝛺1 ) ⋅ 𝐞𝑗 ) −∇𝜎(𝜂𝑙𝜁2𝑙 𝑗 (𝐱𝛺1 ) ⋅ 𝐞𝑗 ) ⋯ −∇𝜎(𝜂𝑙𝜁𝐾𝑙 𝑗 (𝐱𝛺1 ) ⋅ 𝐞𝑗 )
−∇𝜎(𝜂𝑙𝜁1𝑙 𝑗 (𝐱𝛺2 ) ⋅ 𝐞𝑗 ) −∇𝜎(𝜂𝑙𝜁2𝑙 𝑗 (𝐱𝛺2 ) ⋅ 𝐞𝑗 ) ⋯ −∇𝜎(𝜂𝑙𝜁𝐾𝑙 𝑗 (𝐱𝛺2 ) ⋅ 𝐞𝑗 )

⋮ ⋮ ⋮ ⋮
−∇𝜎(𝜂𝑙𝜁1𝑙 𝑗 (𝐱𝛺𝑁0+𝑁1

) ⋅ 𝐞𝑗 ) −∇𝜎(𝜂𝑙𝜁2𝑙 𝑗 (𝐱𝛺𝑁0+𝑁1
) ⋅ 𝐞𝑗 ) ⋯ −∇𝜎(𝜂𝑙𝜁𝐾𝑙 𝑗 (𝐱𝛺𝑁0+𝑁1

) ⋅ 𝐞𝑗 )

⎤

⎥

⎥

⎥

⎥

⎦

,

𝐇𝑏
𝑙 𝑗 =

√ 𝛼
𝑁𝛤𝑏

⎡

⎢

⎢

⎢

⎢

⎣

𝜂𝑙𝜁1𝑙 𝑗 (𝐱𝛤1 ) ⋅ 𝐞𝑗 𝜂𝑙𝜁2𝑙 𝑗 (𝐱𝛤1 ) ⋅ 𝐞𝑗 ⋯ 𝜂𝑙𝜁𝐾𝑙 𝑗 (𝐱𝛤1 ) ⋅ 𝐞𝑗
𝜂𝑙𝜁1𝑙 𝑗 (𝐱𝛤2 ) ⋅ 𝐞𝑗 𝜂𝑙𝜁2𝑙 𝑗 (𝐱𝛤2 ) ⋅ 𝐞𝑗 ⋯ 𝜂𝑙𝜁𝐾𝑙 𝑗 (𝐱𝛤2 ) ⋅ 𝐞𝑗

⋮ ⋮ ⋮ ⋮
𝜂𝑙𝜁1𝑙 𝑗 (𝐱𝛤𝑁𝑏

) ⋅ 𝐞𝑗 𝜂𝑙𝜁2𝑙 𝑗 (𝐱𝛤𝑁𝑏
) ⋅ 𝐞𝑗 ⋯ 𝜂𝑙𝜁𝐾𝑙 𝑗 (𝐱𝛤𝑁𝑏

) ⋅ 𝐞𝑗

⎤

⎥

⎥

⎥

⎥

⎦

,

𝐇
𝛤+
𝑂

𝑙 𝑗 =

√

𝛽0
𝑁𝛤𝑂

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜎(𝜂+𝑙 𝜁
1
𝑙 𝑗 (𝐱

𝛤𝑂
1 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 𝜎(𝜂+𝑙 𝜁

2
𝑙 𝑗 (𝐱

𝛤𝑂
1 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 ⋯ 𝜎(𝜂+𝑙 𝜁

𝐾
𝑙 𝑗 (𝐱

𝛤𝑂
1 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂

𝜎(𝜂+𝑙 𝜁
1
𝑙 𝑗 (𝐱

𝛤𝑂
2 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 𝜎(𝜂+𝑙 𝜁

2
𝑙 𝑗 (𝐱

𝛤𝑂
2 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 ⋯ 𝜎(𝜂+𝑙 𝜁

𝐾
𝑙 𝑗 (𝐱

𝛤𝑂
2 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂

⋮ ⋮ ⋮ ⋮

𝜎(𝜂+𝑙 𝜁
1
𝑙 𝑗 (𝐱

𝛤𝑂
𝑁𝛤𝑂

) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 𝜎(𝜂+𝑙 𝜁
2
𝑙 𝑗 (𝐱

𝛤𝑂
𝑁𝛤𝑂

) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 ⋯ 𝜎(𝜂+𝑙 𝜁
𝐾
𝑙 𝑗 (𝐱

𝛤𝑂
𝑁𝛤𝑂

) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝐇
𝛤−
𝑂

𝑙 𝑗 =

√

𝛽1
𝑁𝛤𝑂

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜎(𝜂−𝑙 𝜁
1
𝑙 𝑗 (𝐱

𝛤𝑂
1 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 𝜎(𝜂−𝑙 𝜁

2
𝑙 𝑗 (𝐱

𝛤𝑂
1 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 ⋯ 𝜎(𝜂−𝑙 𝜁

𝐾
𝑙 𝑗 (𝐱

𝛤𝑂
1 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂

𝜎(𝜂−𝑙 𝜁
1
𝑙 𝑗 (𝐱

𝛤𝑂
2 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 𝜎(𝜂−𝑙 𝜁

2
𝑙 𝑗 (𝐱

𝛤𝑂
2 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 ⋯ 𝜎(𝜂−𝑙 𝜁

𝐾
𝑙 𝑗 (𝐱

𝛤𝑂
2 ) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂

⋮ ⋮ ⋮ ⋮

𝜎(𝜂−𝑙 𝜁
1
𝑙 𝑗 (𝐱

𝛤𝑂
𝑁𝛤𝑂

) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 𝜎(𝜂−𝑙 𝜁
2
𝑙 𝑗 (𝐱

𝛤𝑂
𝑁𝛤𝑂

) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂 ⋯ 𝜎(𝜂−𝑙 𝜁
𝐾
𝑙 𝑗 (𝐱

𝛤𝑂
𝑁𝛤𝑂

) ⋅ 𝐞𝑗 ) ⋅ 𝑛𝑂

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

where

𝜂+𝑙 (𝐱) = lim
𝐲→𝐱,𝐲∈𝛺0

𝜂𝑙(𝐲), 𝜂−𝑙 (𝐱) = lim
𝐲→𝐱,𝐲∈𝛺1

𝜂𝑙(𝐲), ∀ 𝐱 ∈ 𝛤𝑂 .

In the column vector, 𝐒(4.11), we have

𝐅 =

√

1
𝑁0 +𝑁1

⎡

⎢

⎢

⎢

⎢

⎣

𝐟 (𝐱𝛺1 )
𝐟 (𝐱𝛺2 )
⋮

𝐟 (𝐱𝛺𝑁0+𝑁1
)

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐆 =
√ 𝛼

𝑁𝛤𝑏

⎡

⎢

⎢

⎢

⎢

⎣

𝐠(𝐱𝛤1 )
𝐠(𝐱𝛤2 )
⋮

𝐠(𝐱𝛤𝑁𝑏
)

⎤

⎥

⎥

⎥

⎥

⎦

and the zero column vector 𝟎 with 4𝑁𝛤𝑂 dimensions. We note that for the Poisson crack problem, 𝐇 = 𝐇1 and 𝐦 = 𝐦𝑇
1 .

The solution of (4.10) is 𝐦 = 𝐇†𝐒, where 𝐇† is the pseudo inverse of 𝐇. The least square problem, (4.10), can be solved by
vailable algorithms, such as, 𝑡𝑜𝑟𝑐 ℎ.𝑙 𝑖𝑛𝑎𝑙 𝑔 .𝑙 𝑠𝑡𝑠𝑞 in the PyTorch library [17]. PyTorch is a common machine learning library focusing

on both usability and speed, and is consistent with other popular scientific computing libraries. The XPIELM algorithm for the crack
roblem (2.1)–(2.2) is summarized in Algorithm 1 below.

The stress intensity factor (SIF) is crucial to quantify the severity of a crack tip stress. In our computations, the XPIELM yields
very high-precision approximation solution, 𝐮𝜗. Therefore, the SIF computed based on this solution is predicted to produce high-
precision approximation to the SIF. This is verified in the numerical experiments below. To compute the SIF, we adopt the equivalent
integration method [69,70] to calculate the J-integral 𝐽 . For the 2D crack problem, let the strain energy density factor

1 𝑇
𝜔 =
2
𝝈 𝝐 , 𝝈 = [𝜎𝑥, 𝜎𝑥𝑦, 𝜎𝑦], 𝝐 = [𝜖𝑥, 𝜖𝑥𝑦, 𝜖𝑦],
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Algorithm 1: XPIELM algorithm for solving the LEFM (2.1)–(2.2).

1: Generating a set of random sampling points in 𝛺, consisting of {𝐱𝛺𝑖 }
𝑁0+𝑁1
𝑖=1 on the interior of 𝛺, {𝐱𝛤𝑖 }

𝑁𝑏
𝑖=1 on the boundary 𝛤 ,

and {𝐱𝛤𝑂̄𝑖 }
𝑁𝛤𝑂̄
𝑖=1 on the crack surface 𝛤𝑂.

2: Selecting (𝑛 + 1)𝑑 ELM models for the XPIELM and randomly initializing weights and biases of each ELM hidden layer, which
are fixed in the hidden layers.

3: Computing the hidden layers output matrix 𝐇 and the vector 𝐒 in (4.10).

4: Computing the output weights 𝐦 using from (4.10).

and J-integral

𝐽 = ∫𝐴

[

(

𝜎𝑥𝑥
𝜕𝐮𝜗,1
𝜕 𝑥 + 𝜏𝑥𝑦

𝜕𝐮𝜗,2
𝜕 𝑥 − 𝜔

) 𝜕 𝑞
𝜕 𝑥 +

(

𝜏𝑥𝑦
𝜕𝐮𝜗,1
𝜕 𝑥 + 𝜎𝑦𝑦

𝜕𝐮𝜗,2
𝜕 𝑥

) 𝜕 𝑞
𝜕 𝑦

]

𝑑 𝑉 , (4.12)

𝐴 is a ring integration domain (see Fig. 11 for example) with inner and outer boundaries denoted by 𝛤𝑖𝑛 and 𝛤𝑜𝑢𝑡, respectively, 𝑞 is
 reference function that is 1 on 𝛤𝑖𝑛, 0 on 𝛤𝑜𝑢𝑡. 𝑞 is not sensitive for the computation of 𝐽 [69]. Then the SIF, 𝐾𝑆 𝐼 𝐹 , is given by:

𝐾𝑆 𝐼 𝐹 =
√

𝐸 𝐽 , (4.13)

where 𝐸 = 𝐸 for the plan stress, 𝐸 = 𝐸
1−𝜈2 for the plan strain.

5. Numerical experiments

We consider three LEFM models (2.1)–(2.2) with the cracked domain 𝛺, including the 2D Poisson crack problem, the 2D elasticity
crack problem, and the 3D elasticity fully edge-crack problem. Their domains and manufactured solutions will be prescribed in the
following sub-sections. For the elasticity problems, we take the Young’s modulus 𝐸 = 90, the Poisson’s ratio 𝜈 = 0.28, and the
relevant Lamé constants 𝜆 = 44.7443 and 𝜇 = 35.1563. We test the following methods for comparison:

• PIFNN–the piecewise FCNN based on (3.6) and (3.7),
• PIELM–the piecewise ELM based on (3.6) and (3.7),
• XPIFNN–the extend FCNN based on (4.8),
• XPIELM–the extend ELM based on (4.8) and (4.10).

where the XPIELM that achieves high precision is suggested in this study. For all the crack problems, we compute the approximation
solutions (denoted by 𝐮𝜗) using these methods and compare their relative error in 𝐿2 norm:

‖𝐮 − 𝐮𝜗‖𝐿2(𝛺;R2)

‖𝐮‖𝐿2(𝛺)
,

and the relative gradient error in 𝐻1 seminorm [19]:
‖∇(𝐮 − 𝐮𝜗)‖𝐿2(𝛺)

‖∇𝐮‖𝐿2(𝛺)
.

To compute the relative 𝐿2 error and 𝐻1 seminorm error, we randomly generate 𝑁𝑡𝑒𝑠𝑡 = 5000 points in the 𝛺, respectively. To
visualize the results, we generate a uniform set of 𝑄×𝑄 grid points (𝑄 = 501) for drawing relevant pictures. For 2D elasticity problem,
we also compute the SIFs based on the XPIELM solution by means of the J-integral method [69,70] to show the performance of the
proposed method.

We employ the deep learning framework PyTorch (version 2.1.1) to develop the code. For all methods, the tanh function serves
as the activation function. The NN structures and associated parameters will be described in the following sub-sections. To train
the various NN methods, we randomly sample 𝑁0 = 𝑁1 = 1000 points on the interior of 𝛺, 𝑁𝑏 = 400𝑑 points on the boundary
𝛤 (𝑑 = 2, 3 in the 2D and 3D problems, respectively), and 𝑁𝛤𝑂 = 100 points on the crack surface 𝛤𝑂. For the PIFNN and PIELM
methods, we generate 𝑁𝛤𝑂̄

= 100 points on the non-crack part, 𝛤𝑂̄ (see (3.6)). For FCNNs, we choose the 𝐴𝑑 𝑎𝑚 optimizer to train
the parameters, set the learning rate as 2 × 10−3, and the decay rate is 0.95 with 1000 steps decay interval, meaning that every 1000
steps we decay the learning rate 5%. For ELMs, the linear least squares methods to calculate the parameters are based on routines
𝑡𝑜𝑟𝑐 ℎ.𝑙 𝑖𝑛𝑎𝑙 𝑔 .𝑙 𝑠𝑡𝑠𝑞 from the PyTorch library, and 𝑅𝑚 = 1. We now present our numerical results in the following sub-sections.

5.1. The 2D Poisson crack problem

For the 2D Poisson crack problem, we consider a cracked domain 𝛺 = [−0.5, 0.5]2, with the crack line 𝛤𝑂 given by 𝛤𝑂 = {−0.5 ≤
𝑥 ≤ 0, 𝑦 = 0} and the crack tip 𝑂 at the origin. We use a manufactured solution 𝑢 as follows:

1
2

1 3
2

3 5
2

5 7
2

7
𝑢(𝑟, 𝜃) = 𝑟 sin(
2
𝜃) + 𝑟 sin(

2
𝜃) + 𝑟 sin(

2
𝜃) + 𝑟 sin(

2
𝜃), (5.1)
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Fig. 6. The cracked domain 𝛺 (left) and the exact solution (5.1) (middle and right) of the 2D Poisson crack problem.

Table 1
Relative errors for the 2D Poisson crack problem.

Methods 𝐿2 norm 𝐻1 seminorm

PIFNN 3.823 × 10−2 1.837 × 10−1
PIELM 6.089 × 10−2 2.264 × 10−1
XPIFNN 3.783 × 10−3 1.016 × 10−2
XPIELM 2.922 × 10−14 1.335 × 10−13

Fig. 7. The point-wise distributions of the four methods’ predict solution 𝑢𝜗 and the absolute error |𝑢𝜗 − 𝑢| for the 2D Poisson crack problem.

where (𝑟, 𝜃) is the polar coordinate with the pole at the crack tip 𝑂 and the polar line parallel to the 𝑥-axis. 𝑓 (=0) and the boundary
function 𝑔 in (2.1)–(2.2) are calculated from 𝑢 and the equation. The domain and the exact solution (5.1) are shown in Fig. 6.

For the PIFNN and the XPIFNN methods, the structure of two piecewise NNs and the extended NNs is chosen as the FCNN which
have 4 layers and 30 neurons on each layer. To train the FCNNs, we iterate 20 000 steps using the 𝐴𝑑 𝑎𝑚 optimizer from PyTorch.
In addition, the penalty parameters of the loss functions (see (3.6) and (4.7)) is set as 1. For the PIELM and the XPIELM methods,
the number of ELM’s hidden layer neurons is 𝐾 = 200.

The relative 𝐿2 errors and 𝐻1 seminorm errors of the four methods are shown in Table 1. It can be seen that the XPIELM and
XPIFNN methods perform much better than the PIFNN and PIELM methods. This means that the extended NN methods essentially
improve the precision compared with their preliminary versions. The errors of XPIELM reaches the highest precision, about 10−14

for the relative 𝐿2 error and about 10−13 for the relative 𝐻1 seminorm error. Fig. 7 exhibits point-wise distributions of the predicted
solution, 𝑢𝜗, and the absolute error |𝑢𝜗 − 𝑢|. It can be observed that the errors of the PIFNN and the PIELM methods are very large
around the crack tip 𝑂, which means that these methods cannot simulate the singularity around the crack tip 𝑂 efficiently. The
errors of the XPIFNN and the XPIELM methods are much smaller than the PIFNN and PIELM, and the singular solution can be well
approximated around the crack tip 𝑂.

We test the sensitivity of penalty parameters in (4.7), i.e., 𝛼, 𝛽0, 𝛽1. To this end, we take different parameter values in (4.7) to
train the approximation solutions and see the error levels. Since 𝛽0, 𝛽1 are all associated with the penalty of the action free condition,
we set 𝛽0 = 𝛽1 = 𝛽. We take 𝛼 , 𝛽 = 0.01, 0.1, 1, 10, 100, and the relative 𝐿2 error of the associated XPIFNN and XPIELM are presented
in Fig. 8. For the XPIFNN method, the penalty parameter 𝛼 is sensitive, and the greater 𝛼 is, the smaller the error is. The parameter
𝛽 is not so sensitive. On the contrary, for the proposed XPIELM, both 𝛼 and 𝛽 are not sensitive to the relative 𝐿2 errors, which range
between 10−14 and 10−12.
12 
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Fig. 8. The relative 𝐿2 errors of the XPIFNN and XPIELM methods with respect to the various penalty parameters in (4.7) for the 2D Poisson crack problem,
and 𝛼 , 𝛽 = 0.01, 0.1, 1, 10, 100. For each error line, 𝛽 is fixed, and 𝛼 varies from 0.01 to 100. Left: XPIFNN; right: XPIELM.

Table 2
Relative 𝐿2 errors with different number of boundary points 𝑁𝑏 for the 2D Poisson crack problem.

Methods 𝑁𝑏 = 400 𝑁𝑏 = 800 𝑁𝑏 = 1200 𝑁𝑏 = 2000 𝑁𝑏 = 4000
XPIFNN 3.722 × 10−3 3.783 × 10−3 3.305 × 10−3 5.174 × 10−3 2.941 × 10−3
XPIELM 7.628 × 10−14 2.922 × 10−14 4.255 × 10−14 9.137 × 10−14 5.265 × 10−14

We next investigate effect of the number of boundary sampling points, 𝑁𝑏, on the accuracy. We use the same parameters and
interior sampling points as in the above computation, and vary the number of boundary sampling points, 𝑁𝑏, from 400 to 4000.
The relative 𝐿2 errors of XPIFNN and XPIELM are listed in Table 2. We find that the number of boundary points 𝑁𝑏 seems to have
little effect on the relative 𝐿2 errors, and increasing the number of boundary sampling points does not reduce the errors.

5.2. The 2D elasticity crack problem

For the 2D elasticity crack problem, we consider a domain 𝛺 = [−1, 1]2 with crack line 𝛤𝑂 = {−1 ≤ 𝑥 ≤ 0, 𝑦 = 0} and the crack
tip 𝑂 at the origin. We use a manufactured solution in [72]:

𝐮 =
𝐾𝐼
𝐸

√

𝑟
2𝜋

[

cos 𝜃
2

sin 𝜃
2

]

(𝑎 + 𝑏 cos 𝜃) + 4
3𝜆 + 3𝜇 𝑟

3
2

⎡

⎢

⎢

⎣

cos 𝜃
2

(

(3𝜆 + 7𝜇) cos2 𝜃
2 − 3𝜆 − 6𝜇

)

sin 𝜃
2

(

(𝜆 + 5𝜇) cos2 𝜃
2 − 𝜆 − 2𝜇

)

⎤

⎥

⎥

⎦

, (5.2)

where 𝑎 = 2 + 2𝜇
𝜆+2𝜇 , 𝑏 = −2 𝜆+𝜇

𝜆+2𝜇 , 𝑐 = 𝜆+3𝜇
𝜆+𝜇 , the stress intensity factor (SIF) 𝐾𝐼 = 1. The two components of the exact solution (5.2)

are shown in Fig. 9. It is clear in Fig. 9 that the second component 𝑢2 is discontinuous across the crack line 𝛤𝑂.
For the NN structure, we use the FCNNs with 4 hidden layers each of which contains 30 neurons and 2 output neurons for the

PIFNN and the XPIFNN methods. We use the ELMs with one hidden layer of 𝐾 = 120 neurons and 1 output neuron for the PIELM
and the XPIELM. To train the FCNNs, we optimize 10 000 steps for the PIFNN method and 6000 steps for the XPIFNN. We set the
penalty parameters as 𝛼 = 105, 𝛽0 = 𝛽1 = 4, 𝛾0 = 𝛾1 = 104 for the PIFNN, 𝛼 = 106, 𝛽0 = 𝛽1 = 4, 𝛾0 = 𝛾1 = 104 for the PIELM, and
𝛼 = 105, 𝛽0 = 𝛽1 = 4 for the XPIFNN, while 𝛼 = 105, 𝛽0 = 𝛽1 = 4 for the XPIELM.

Fig. 10 shows the point-wise absolute errors of the two components 𝑢1 and 𝑢2 for the 2D elasticity crack problem. Similarly, we
can observe that the two components’ absolute errors of the PIFNN and the PIELM methods are large around the crack tip 𝑂 or
along the line 𝛺0 ∩𝛺1, while the XPIFNN and the XPIELM perform much better than the former. Table 3 presents the relative errors
of four methods. We see that the XPIELM reaches about the 𝐿2 and 𝐻1 error order of 10−15, while the other methods’ errors are
between 10−4 ∼ 10−2. The error of XPIFNN is smaller than that of the PIFNN.

In this sub-section, we calculate the SIF 𝐾𝐼 according to (4.12) and (4.13) using the XPIELM solution to test its accuracy. To this
end, we take a ring sub-domain 𝐴 with width 0.1, [−0.5,−0.5]2 ⧵ (−0.4,−0.4)2, as shown in Fig. 11. To compute the J-integral (4.12),
we portion 𝐴 into a series of square elements with sides length 0.1 and compute the J-integral on each of them. The function 𝑞 is
continuous that is 1 on 𝛤𝑖𝑛 and 0 on 𝛤𝑜𝑢𝑡. The integrals in square elements are computed by the standard Gaussian integration rule.
The approximation value of SIF computed using the XPIELM solution is denoted by 𝐾̃𝐼 , and we have 𝐾̃𝐼 −𝐾𝐼 is about 2.20 × 10−10.
This shows the high precision because of the high precision of the XPIELM solution. The SIF errors of other methods are large, and
we do not present them here.

5.3. The fully 3D edge-crack elasticity problem

In this sub-section, we consider the fully 3D edge-crack elasticity problem with the crack domain 𝛺 = [0, 1] × [0, 1] × [0, 13 ], the
crack surface 𝛤 = {0 ≤ 𝑥 ≤ 1, 𝑦 = 0.5, 0 ≤ 𝑧 ≤ 1 } and the crack front 𝑂 = {𝑥 = 0, 𝑦 = 0, 0 ≤ 𝑧 ≤ 1 }.
𝑂 3 3
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Fig. 9. The exact solution’s components 𝑢1 (left column) and 𝑢2 (right column) (5.2) of the 2D elasticity crack problem.

Fig. 10. The absolute errors of the components 𝑢1 , 𝑢2 with the proposed methods for the 2D elasticity problem.

Table 3
Relative errors of the components 𝑢1 , 𝑢2 for the 2D elasticity crack problem.

Methods 𝐿2 norm 𝐻1 seminorm

𝑢1 error 𝑢2 error 𝑢1 error 𝑢2 error

PIFNN 1.792 × 10−3 4.418 × 10−3 5.048 × 10−3 1.226 × 10−2
PIELM 2.304 × 10−3 1.006 × 10−3 1.119 × 10−2 2.812 × 10−2
XPIFNN 4.736 × 10−4 9.936 × 10−4 1.569 × 10−3 2.978 × 10−3
XPIELM 1.430 × 10−15 7.882 × 10−16 2.065 × 10−15 1.676 × 10−15

We use the singular function (2.8) with function 𝐴(𝑧) = 1 + 𝑧 + 𝑧2 in (2.8) as the manufactured solution [63,74]:

𝐮 = (1 + 𝑧 + 𝑧2)𝑟
1
2

⎡

⎢

⎢

⎢

⎣

(𝑄1 − 1) cos 𝜃
2 − cos 3

2 𝜃

(𝑄1 + 1) sin 𝜃
2 − sin 3

2 𝜃
0

⎤

⎥

⎥

⎥

⎦

− (1 + 2𝑧)𝑟 3
2

⎡

⎢

⎢

⎣

0
0

2 cos 𝜃
2 − 2

3 (𝑄1 + 1) cos 3
2 𝜃

⎤

⎥

⎥

⎦

+𝑟
5
2

⎡

⎢

⎢

⎢

⎣

(𝑄2 −𝑄3 −
𝑄1+1
6 −𝑄4) cos 𝜃

2 + cos 3
2 𝜃 + (𝑄4 −𝑄3) cos 5

2 𝜃

(𝑄2 +𝑄3 −
𝑄1+1
6 +𝑄4) sin 𝜃

2 + sin 3
2 𝜃 + (𝑄4 −𝑄3) sin 5

2 𝜃
0

⎤

⎥

⎥

⎥

⎦

, (5.3)

here 𝑄 −𝑄 are defined in (2.9). The corresponding Cartesian coordinates (𝑥, 𝑦, 𝑧) in domain 𝛺 are defined by
1 4
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Fig. 11. The ring area 𝐴 to compute the J-integral (4.12).

Fig. 12. The crack domain 𝛺 (left one) and the exact solution’s components 𝑢1 , 𝑢2 , 𝑢3 in the 𝑧 = 0 cross section (right three) of the 3D planar elasticity crack
problem.

Table 4
Relative errors of the components 𝑢1 , 𝑢2 and 𝑢3 for the fully 3D edge-crack elasticity problem.

Methods 𝐿2 norm 𝐻1 seminorm

𝑢1 error 𝑢2 error 𝑢3 error 𝑢1 error 𝑢2 error 𝑢3 error

PIFNN 5.588 × 10−2 3.554 × 10−2 2.135 × 10−2 3.229 × 10−1 2.867 × 10−1 6.714 × 10−2
PIELM 5.593 × 10−2 6.222 × 10−2 3.617 × 10−2 3.913 × 10−1 3.981 × 10−1 1.689 × 10−1
XPIFNN 2.295 × 10−3 1.060 × 10−3 5.324 × 10−3 1.276 × 10−2 7.737 × 10−3 1.429 × 10−2
XPIELM 6.800 × 10−13 3.346 × 10−13 1.485 × 10−12 1.215 × 10−11 5.892 × 10−12 1.100 × 10−12

𝑥 = 𝑟 cos 𝜃 + 0.5, 𝑦 = 𝑟 sin 𝜃 + 0.5, 𝑧 = 𝑧 + 1
6
.

The cracked domain and the components of the exact solution are shown in Fig. 12, where the components are shown in the cross
section of 𝑧 = 0. From this figure we see that all the components are singular around the crack front 𝑂 and the 𝑢2 component is
discontinuous along with the crack surface 𝛤𝑂.

In this test, the NN structure consists of 5 hidden layers each of which contains 60 neurons for the PIFNN and 4 hidden layers
each of which contains 30 neurons for the XPIFNN. For the PIELM and the XPIELM 1 hidden layer with 300 neurons is set. To
train FCNNs of the PIFNN and the XPIFNN, we optimize 10 000 steps and 4000 steps respectively. The penalty parameters are set
as 𝛼 = 106, 𝛽0 = 𝛽1 = 4, 𝛾0 = 𝛾1 = 104 for the PIFNN, 𝛼 = 106, 𝛽0 = 𝛽1 = 4, 𝛾0 = 𝛾1 = 104 for the PIELM, 𝛼 = 106, 𝛽0 = 𝛽1 = 4 for the
XPIFNN, and 𝛼 = 106, 𝛽0 = 𝛽1 = 4 for the XPIELM.

Fig. 13 and Table 4 illustrate the errors of the three components of various methods. Similarly with the sub-sections above, they
show that the PIFNN and PIELM cannot approximate the solution efficiently, especially along the line 𝛺0 ∩ 𝛺1, and the relative
errors are between 10−2 ∼ 10−1. Among the four methods, the XPIELM reaches the highest precision, about the order of 10−12 for
relative 𝐿2 errors and 10−11 for relative 𝐻1 seminorm errors.

6. Conclusion and remarks

In this study we proposed the extended neural networks based on two typical machine learning methods, the fully connected
neural network and extreme learning machine, for the numerical computation of the crack problem. The main idea was to
incorporate the singular information of the crack solution into the neural networks. The precision of the proposed XPIFNN and
XPIELM using the physics-informed neural network scheme was improved significantly. Especially, the relative error of the XPIELM
reaches about 10−12. This is a significant improvement in comparison with the conventional neural networks (with the relative
error about 10−3) when used in the crack problem. The stress intensity factor was also studied based on the XPIELM solution, and
the high precision was shown. The proposed XPIELM was applied to the 2D Poisson crack problem, the 2D elasticity problem, and
15 
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Fig. 13. The absolute error distributions of the components of the four methods for the fully 3D edge-crack elasticity problem. Top row: 𝑢1 component; middle
row: 𝑢2 component; bottom row: 𝑢3 component.

the fully 3D edge-crack elasticity problem in a unified way. The extension of the proposed method to crack propagations is under
investigation.
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